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Midterm Exam

Next Thursday (Oct 24), 120pm-240pm, one A4-size double-sided cheetsheet is
allowed (either printing or handwriting is fine)

We have two rooms for the exam for sparse seat plans:
1. For SIS ID ending with an even digit: Room 2303
2. For SIS ID ending with an odd digit: Room 2504
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We want to model p(x) In discriminative models, we need to
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Recap: Generative Models

We want to model p(x) In discriminative models, we need to
“design” model to make assumption
s °® about the function: linear regression,
logistic regression, kernel methods ....
¢ ®
o0 ¢ °
® o ¢ ®
©% 4 o ® In generative models, we “design” the model
® ° o " and make assumptions about the data,

through defining a distribution family
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Recap: Generative Models




Recap: Generative Models

T~

Data,D= Q O—O0—CO OO0 Q QO
Xi Xy Xa X

As a simplest case, we directly assume x ~ N(u, 2)
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Recap: Generative Models

T

Data, D = O B B A A S /AN A6 A O O
Xi X Xa X

As a simplest case, we directly assume x ~ N(u, 2)

By varying the parameters (¢, 2.), the model represents different
distributions that belong to the Gaussian family

v\, —— M




Recap: Generative Models

How to construct more complex
distribution family?



Recap: Generative Models

How to construct more complex
distribution family?

Introducing more latent variables



Recap: Gaussian Mixture Model

p(z): multinomial , k
classes(e.g. uniform)

Label é/ @9/? @4@( o @

(U1> 21), (Mo 29), o (U 24)
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Recap: Gaussian Mixture Model

p(z): multinomial , k

Classes(e.g. uniform) We assume the generative process as:

1. For each data point, sample its label
z; from p(z)
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Recap: Gaussian Mixture Model

p(z): multinomial , k

Classes(e.g. uniform) We assume the generative process as:

1. For each data point, sample its label
z; from p(z)

Label

k (> 21)s (g5 29), -+ - (Mg 2p)

®/ 2. Sample x; ~ N(u,, X))
Data A
b



p(z): multinomial , k
classes(e.g. uniform)

Label

k (> 21)s (g5 29), -+ - (Mg 2p)

Recap: MLE for GMM

p e

Unsupervised:

argmax, , v log p(x)

How to compute this?




Recap: MLE for GMM

> logp(z®; ¢, p, %)
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Recap: MLE for GMM

Up, 1, 8) = > logp(z; ¢, p,%)
1=1
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Intractable (no closed-form for the solution)
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Recap: MLE for GMM

ZL% V.

ot he sol 3
Intractable (no closed-form\for the solution)

Large variance in gradient descent
/\/ \_/




Recap: MLE for GMM

z"’: log p(z@; ¢, 1, 2) 1/(/ /U] /7&/9

= Zlog Z p(z@29; u, )p(2; ¢).

'
/m Cs dikdersim

1. Intractable (no ctlosed-fe orthe solution

(P, p, 2)

2. Large variance in gradient descent

Expectation Maximization is to address the MLE optimization problem
T —L _— i -




Things are easy when we know z..

In case we know 7



Things are easy when we know z..

In case we know 7

foy Tur. )

U, 1, %) = ) logp(z?|2%; u, ) + log p(21; ¢).

1=1
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Things are easy when we know z..

In case we know 7

U, 1, %) = ) logp(z?|2%; u, ) + log p(21; ¢).

1=1

2 Y2 = jja®
Do 20 =4}
5, > iy {2z = j} (2™ - uj?(m(i) — K

D i {z® = j}
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Things are easy when we know z..

In case we know 7

U, 1, %) = Y logp(a®|2%; 1, T) +log p(2%; 9).

1=1

1 « N
¢; = Ezl{z():]}’

Y {29 = 5}

Do 20 =4}

) > {2 =5}z - Hj)(x(i) — Mj)T.
Z?ﬂ l{z(z) =7}

A5
|

cxpectation maximization is to infer the latent variables first (z here), and
maxirmize-thelikelittdod given the inferred z (‘{6{4{,‘ug(//
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Expectation Maximization for GMM

Repeat until convergence:

{
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Expectation Maximization for GMM

Repeat until convergence:

{

(E-step) For each 1, j, set fy\ /FK Yo ( €

W = p(z® = j|z; ¢, , %)
(\/ e -
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Expectation Maximization for GMM

Repeat until convergence:

{

E-step) For each 1, 7, set : : : :
(E-step) o Compute the posterior distribution,
0 = p(® = jla®; 6, 4, )

) given current parameters
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Expectation Maximization for GMM

Repeat until convergence:

{ No parameter change in E-step

E-step) For each 1, 7, set : : : :
(E-step) o Compute the posterior distribution,
0 = p(® = jla®; 6, 4, )

) given current parameters
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Expectation Maximization for GMM
//

Repeat until convergence:

@parameter cha} in E-step
\

E-step) For each 1, 7, set : : : :
(E-step) ! Compute the posterior distribution,
0 ._

@) — 150, .
w;” =p2" =jle6,mE)  gjven current parameters

7
h\ — i —~—— —_—

(M-step) Update the parameters:




Expectation Maximization

Why does it work? ]

|5
What is its relation to@l@esﬁmaﬁon?

How is convergence guaranteed?
[ ~— v

When we perform EM, what is the real objective that we are
optimizing?— ~—

-

_ — >
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General EM Algorithm
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General EM Algorithm
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p(z;0) = ) p(z,2;0)

General EM Algorithm
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General EM Algorithm

p(z;0) =) p(z,2;0)

£(6)

f: log p(z”; 6)

1=1

zn: log » p(z1, 2%;6).
1=1

z (1)

Let Q to be a distribution over 7

(\_— — ~ —
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General EM Algorithm
=> _plz,z0)

f: log p(z'"); 6)
Z log Zp (29, 2);

z(2)

N
—~~

D
~—

|

log p(x = logZp X, 2;
Let Q to be a distribution over 7 -
,0)
= log @@p“
=l % ‘

113 Z
Q‘ ZQ ) log B

5 J%é&/’ c /’%h&c//?



General EM Algorithm
=> _plz,z0)

f: log p(z'"); 6)
Z log Zp (29, 2);

2(0) This lower bound holds for any Q(z)

logp(z;0) = log Zp(fv, 2; 0)
Let Q to be a distribution over 7 P

N
—~~

D
~—

|

o~ _ IOgZQ p(z, 2; 9)
> 3" Q) log (gé .

/
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General EM Algorithm

p(z;0) =) p(z,2;0)

. "
(o) = ) logp(z";0) 5L b0
1=1 |
— : log p(ﬂU(i),Z(i)§9)-
; ; Thisfower bound holds for any Q(z)

logp(z;0) = log» p(,z0)

Let Q to be a distribution over 7
/{ZQ(W ﬁyhi

(z, 2; 0)
Q(2)log~
m 2. Q@50

> éoj C-)  Con (VP
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Jensen Inequality

For a convex function f, and r € |0,1]

f{txz (1 — t)xzz@tf(xl) + (1 = O)f(x,)

2 ‘,
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Jensen Inequality

For a convex function f, and r € |0,1]

Jtx; + (1 —Dxy) < tf(x)) + (1 — )f(x,

In probability: @
\\/
@/ D < [AX)]




Jensen Inequality

For a convex function f, and r € |0,1]

ftx, + (1 = )xy) < tf(x)) + (1 = 1)f(x,)

-

In probability: g

Il -[X])éf(X)]

If fis strictly convex, then equality holds only when X is a constant
N\ e e
V/\ N——— — S -
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Evidence Lower Bound (ELBO)
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Evidence Lower Bound (ELBO)

logp(z;0) = log» p(,z0)
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Evidence Lower Bound (ELBO)

logp(z;0) = log ) p(z,2;0)

|
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]
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D
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> 3°0(2) log p(z, 2;0)

Because the log likelihood is intractable, people often
optimize its lower bound instead
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Evidence Lower Bound (ELBO)
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Q(z) ELBO
ot

Because the log likelihood is intractable, people often

optimize its lower bound instead M
—

I
Why bptimizing lower bound works? How to@, why we

computed posteriori € EStep, what is the benefit?
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Evidence Lower Bound (ELBO)

logp(z;0) = log» p(,z0)
1 APz % 0)
= lgzz:Q( ) 002)
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Evidence Lower Bound (ELBO)
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Evidence Lower Bound (ELBO)

= log Y p(z,2;0)

logp(z;0) =




Evidence Lower Bound (ELBO)

logp(z;0) | = log» p(,z;0)
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When is the lower bound tight? | p(z, z; 0)

»
~~
N
~—
|

p(az > 9) — Z(zp(xé)z; 9)
0(2) =C |:> ppx;.z,e
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Evidence Lower Bound (ELBO)

16



e
p(z, 2; 0)

when Q(z) = p(z|x) ?




Evidence Lower Bound (ELBO)

2;0)
Q(Z)

Verify EQ ) log © when Q(z) = p(z|x) ?

p(x, z;0)
Q(2)

ELBO(z; Q, 6) = ZQ ) log

16



Evidence Lower Bound (ELBO)

Verify EQ ) log Q(z)e) when Q(z) = p(z|x) ?
ELBO(z; Q, §) = ZQ ) log gé;)e)

VQ,0,x, logp(x;0) > ELBO(z;Q,0)

e

/ \/
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Evidence Lower Bound (ELBO)

Verify ZQ ) log Q(z)e) when Q(z) = p(z|x) ?
ELBO(z; Q, ) ZQ ) log g(j)g)

For a dataset of many data samples

£(6) > » ELBO(z"; Q;,0)
(

( .
(Z?;QZ( NN EC)
/\/\ /\/
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Evidence Lower Bound (ELBO)

p(x, z;0)
Q(2)

ELBO(z; Q, 0) = ZQ ) log
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Evidence Lower Bound (ELBO)

p(x, z;0)
Q(2)

ELBO(z; Q, 0) = ZQ ) log

What is argmaxQ(Z)ELBO(x; 0, 0)?

52544)7?

@F@ EL@OCX;/&/ @)A

Loy (lr) 1 constent A

CQ[%:)Q/?/’WC/ -
- Z&jﬂﬂ/
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The General EM Algorithm

Repeat until convergence {

(E-step) For each i, set

Qi(z") == p(z"]z; 6).

X~

(M-step) Set

_ @). 0.
0 : a,rngaXZELBO(x . Q;,0)

=1
. (1) »(i).0
_ S5 Qi(" p(@, 2 0)

A C)

18



The General EM Algorithm

Repeat until convergence {

(E-step) For each 7, set

Qz’(z(i)) - p(z(i)\x(i); 9)0 Based on current @, model parameters does not

change in E-step =~ —

(M-step) Set

- G). 0.
0 : a,rgmeaxZELBO(x . Q;,0)

1=1
. (1) »(i).0
argmgxxz E Q:(z") log 0.0y

A C)

18



The General EM Algorithm

Repeat until convergence {

(E-step) For each 7, set /

(@)Y ) (4)1..(4) @ Based on current @, model parameters does not
Qi(z")f=p(z"z change in E-step

(M-step) Set
Q L) 15 4 / ﬁ@ J

f := argmax ¥ ELBO(z";Q;,0)
0 Z ((z) is not relevant to @, and Q(z)does

(2@, 2(); 9) “hotchange in the M-step

1=1
— (D) ]og 2
arg max Z Z Q:(z") log

A C)

18



The General EM Algorithm = ~%F
Repeat until convergence { C L 0@ Oé@) @ )

(E-step) For each i, set ) VI f/e

Based on current 0, mo‘cl\l‘par meters does not
change in E-step

(M-step) Set

0 := arg maxz ELBO(z%; Q;, 6)
0 4= ((72) is not relevant to 8, and Q(z)does

(2@, 2(); 9) not change in the M-step

= arg max Z Z Qi(2"")log : Qz’(,z(z’)),

A C)

}
@-step\isfmximizing LBO over Q@ M-step is maximizing ELBO over@
/\_K L/\/\ —
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Repeat until convergence { ;//Z Lo e LNW/W{

(E-step) For each i, set T

. N Based on current @, model parameters does not
(@)Y .— () | 1.(2). /
Qi(z") := p(|z™"; 0). change in E-step

(M-step) Set

f := argmax ¥ ELBO(z";Q;,0)
0 Z ((z) is not relevant to @, and Q(z)does

not change in the M-step

1=1
| (1) »().9
_ (D) 10e PE2750)
a,rgmea,xg E Q:(z") log 0.0y

A C)

E-step is maximizing ELBO over Q(z), M-step is maximizing ELBO over@

@V is maximizing lower-bouna sufﬁcieng/ /Wﬁ
18




EM is Hill Climbing

Larger
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@

log p(x; 0)

ELBO

EM is Hill Climbing

Only related to @, no 7

19




EM is Hill Climbing

Larger
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EM is Hill Climbing

log p(x; 0)

Larger

fe@x ELBO

QS E-step: O(2) = p(z|x; 6), making ELBO tight
Kz :
O

20




EM is Hill Climbing

oy

log p(x; 6
g6 0) Larger
L)
fe2% ELBO
QS E-step: O(2) = p(z|x; 6), making ELBO tight

“dog” doesn’t change, because @ does not change
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EM is Hill Climbing

oy

oe®

Larger

E-step: O(2) = p(z|x; 6), making ELBO tight

“dog” doesn’t change, because @ does not change

20



EM is Hill Climbing

|y

O ®

Larger

M-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes

21



EM is Hill Climbing

|y

O ®

log p(x; 0)

Larger

I
%/

©e

//

ELBO

-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes

21



EM is Hill Climbing

|y

O ®

log p(x; 0)

Larger

I
%/

©e

//

ELBO

-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes

21



EM is Hill Climbing

Larger
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EM is Hill Climbing

|y

e ®

log p(x; 0)

Larger

I
%/

©e

//

ELBO

E-step: O(2) = p(z]|x; 8), making ELBO tight

“dog” doesn’t change, because @ does not change
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EM is Hill Climbing

|y

O ®

log p(x; 0)

Larger

I
%/

©e

//

ELBO

M-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes
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EM is Hill Climbing

oy

e ®

log p(x; 0)

Larger

A M
7o

©e

//

ELBO

M-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes

log p(x; @) is monotonically increasing!

24



EM is Hill Climbing

|y

e ®

log p(x; 0)

Larger

A M
7o

©e

//

ELBO

M-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes

log p(x; @) is monotonically increasing!

We are doing MLE implicitly!

24



EM is Hill Climbing

|y

O ®

log p(x; 0)

Larger

A M
7o

©e

//

ELBO

M-step: max ELBO
0

ELBO becomes larger, and it is not tight
\gh Z> anymore because posterior changes

ng(x;ﬁ) is monotonically increasiw

We are doing MLE implicitly! Conve@ence IS guaranteed

24
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Revisit the E-Step

Repeat until convergence {

(E-step) For each 17, set
Q=) = p(z0}a%;6).

(M-step) Set

0 —a,rgma.xZELBO (z'9; Q;, 0)

(4) (z‘)-g)
33 Qi) p(z™, 23
= arg max 2 Qi(z log 0:(z®)

0

25



Revisit the E-Step

Computable posterior is important. If Q(z) is
Repeat until convergence { not the posterior, then there is no guarantee

(E-step) For each i, set _thatlog p(x) is improved at every iteration

L

Q=) = p(1e%;0)
N TT—

(M-step) Set

0= argma.xZELBO (z; Q;,0)

(@) »().9
E : 2 : (z) (aj y 207 )

) z()

25



Revisit the E-Step

Computable posterior is important. If Q(z) is
Repeat until convergence { not the posterior, then there is no guarantee

(E-step) For each i, set that log p(x) is improved iievery iteration
Qi(zY) == p(z?]z; ).

Still rememberQon wlor? hich is for

easy-to-compute posterior
(M-step) Set ) Iy V[/
& (2D
= § ELBO(%; 0, ‘
= argmax O(x'\"; Q;, 0

!
—argma,xzz (@}L 37“) Z(") 0) & (Qu) = Vez 17 )




Revisit the M-Step

26



Revisit the M-Step

argmax,, Z Q(2)log plx. 2. 0) = @Q(@
Z Za Z o

(\/\

26



Revisit the M-Step

p(x,z;0)
0(2)

Sometimes the sum is computable, but sometimes not

argmaxez O()log ——— = argmaxez O(2)log p(x, z; 0)

26



Revisit the M-Step

p(x,z;0)
0(2)

Sometimes the sum is computable, but sometimes not

argmaxez O()log ——— = argmaxez O(2)log p(x, z; 0)

argmax, Z Q(2)log p(x, z; 0) = argmax k., log p(x, z; 0)

26



Revisit the M-Step

p(x,z;0)
0(2)

Sometimes the sum is computable, but sometimes not

argmaxez O()log ——— = argmaxez O(2)log p(x, z; 0)

argmax, 2 Q(2)log p(x, z; 0) = argmax k., log p(x, z; 0)

We can use Monto-Carlo sampling to approximate the expectation

26



Comparing Direct Maximization and EM

argmax, log Zp(x | 2; 0)p(z) = argmax, log@ Z; 0)
Z T

\

Direct

27



Comparing Direct Maximization and EM

Direct maximization:

A

argmax, log Zp(x | 2; O)p(z) = argmax, log ()P | z; 6)

7 —— /

M-Step in EM:
argmaxez Q(2)log p(x, z; 0) = argmax k., log p(x, z; 0) V/

- . Z ?Q \’

\ /

27



Comparing Direct Maximization and EM

Direct maximization:

argmax, log Zp(x | 2; O)p(z) = argmax, log ()P | z; 6)

<

M-Step in EM:

argmax, Z Q(2)log p(x, z; 0) = argmax k., log p(x, z; 0)

<
Why don’t we use MC sampling to approximate
expectation in direct maximization?

27



Comparing Direct Maximization and EM

Direct maximization: A/ X 05 Z e
/ )76 7‘[%}
argmax, log Zp(x | z; 0)p(z) = argmax, log Pay
Z -

M-Step in EM: Qcry - [7 %,
argmax, 2 Q(2)log p(x, z; 0) = argmax k., log p(x, z; 0)
Why dén’t we use MC sampling to apm /Q 2,2

~—— ]

expectation in direct maximization? /

— _—
It may need a@ge number of samples to have a good approximation
- N \ e ———
27
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Other Interpretations of ELBO

(\/‘*’

ELBO(z; Q,0) = E..g[logp(, 2;6)] — E.q[log Q(2)]

< :@\JQ log p(z|2;0)] SHOrL(Qp=)
e . Regularize Q(z) towards the prior p(z)
recmiy e Lz

< .’

[ELBO(;Q.0) = J6p(2) > Drr(Qlp)) / V' 1o 2 0

I >R L
Maximizing ELBO over Q(z) is essentiz olving theposterior distributien p(z | x)
T~
R=[caix)

28



Further Questions

29



Q’

: S¢ -
Further Questions & "° <= fcz/5

. (2 1<
What it we do not have closed-form model posterior? V/ /

29



Further Questions
A/ s\/\n[@a/e%;

What if we do not have closed-form model posterior? —> Variational EM

"¢z (%)
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Further Questions

What if we do not have closed-form model posterior? —> Variational EM

The process of approximating the model posterior is called variational inference

29



Further Questions

What if we do not have closed-form model posterior? —> Variational EM

The process of approximating the model posterior is called variational inference

We will learn variational autoencoder later

29



Thank You!
Q& A

30



