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Recap:	Kernel	Trick
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βi ∈ R

Kernel	K(x, z)



Recap:	Kernel	Trick
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Compute	 for	all	K(ϕ(x(i)), ϕ(x( j))) = < ϕ(x(i)), ϕ(x( j)) > i, j

Loop

Recall	that	 	is	the	
number	of	data	samples

n

The	Kernel	funcHon	is	all	we	need	for	training	and	inference!

Inference:
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Explicit	Feature	Map:	first	define	feature	map	 ,	then	compute	
the	Kernel	according	to	

ϕ(x)
ϕ(x)

Recap:	Implicit	Feature	Map

Implicit	Feature	Map:	first	define	the	Kernel	FuncHon	K(),	without	
knowing	what	the	feature	map	is



Recap:	Implicit	Feature	Map	(Example)
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What	is	the	feature	map	to	make	K	a	valid	kernel	funcHon?	

Requires	O(d^2)	compute	
for	feature	mapping

Requires	O(d)	compute	for	
Kernel	funcHon
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Kernel	Matrix	Kij = K(x(i), x( j)) = ϕ(x(i))Tϕ(x( j))

Recap:	What	Makes	a	Valid	Kernel	
Func>on:	Necessary	Condi>on

	is	symmetricK

	is	posiHve	semidefiniteK



What	Makes	a	Valid	Kernel	Func>on:	
Necessary	and	Sufficient	Condi>on
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In	generalized	linear	models	(which	we	have	shown)

Recap:	Applica>on	of	Kernel	Methods

In	support	vector	machines	(which	we	will	show	next)

Any	learning	algorithm	that	you	can	write	in	terms	of	only	<x,	z>

Just	replace	<x,	z>	with	K(x,	z),	you	magically	transform	the	algorithm	
to	work	efficiently	in	the	implicit	high	dimensional	feature	space



Support	Vector	Machines
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Confidence	in	Logis>c	Regression
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p(y) =
1

1 + e−θTx
SeparaHng	hyperplane/
decision	boundary



Margin
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New	Nota>ons
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Consider	a	binary	classificaHon	problem,	with	the	input	feature	 	and	
	(instead	of	 ),	the	classifier	is:

x
y ∈ {−1,1} {0,1}



Func>onal	Margin
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Given	a	training	example	(x(i), y(i))

Given	a	training	set	S = {(x(i), y(i)); i = 1,...,n}

FuncHonal	margin	changes	when	rescaling	parameters,	making	it	a	
bad	objecHve,	e.g.	when	w->2w,	b->2b,	the	funcHonal	margin	
changes	while	the	separaHng	plane	does	not	really	change



Geometric	Margin

14

What	is	the	geometric	margin?



Geometric	Margin
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Generally



Geometric	Margin
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Given	a	training	set	S = {(x(i), y(i)); i = 1,...,n}



The	Op>miza>on	Problem
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maxw,b

||w||	is	not	easy	to	deal	with,	non-convex	objecHve

Infinite	soluHons,	as	 	can	be	at	any	scale	without	
changing	the	classifier	

̂γ



The	Op>miza>on	Problem
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Add	constraint	 ̂γ = 1

AssumpHon:	the	training	dataset	is	linearly	separable



Lagrange	Duality	—	Lagrange	Mul>plier

19

Solve	w, β



Lagrange	Mul>plier:	Example

20

<latexit sha1_base64="vcQvJ/5abWsSDgHRWKmilTkYPps="></latexit>

min
x,y

5x� 3y

s.t. x2 + y2 = 136



Generalized	Lagrangian
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Primal	opHmizaHon	problem

Generalized	Lagrangian



Generalized	Lagrangian
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Generalized	Lagrangian

23

Consider	this	opHmizaHon	problem

It	has	exactly	the	same	soluHon	as	our	original	problem



The	Dual	Problem	in	Op>miza>on
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In	opHmizaHon,	someHmes	the	primal	opHmizaHon	is	hard	to	
solve,	then	we	may	find	a	related	alternaHve	opHmizaHon	
problem	that	can	be	solved	more	easily,	to	solve	the	orignal	
problem	in	an	indirect	way



The	Dual	Problem
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The	dual	opHmizaHon	problem

The	primal	opHmizaHon	problem

What	is	the	relaHon	of	the	two	problems?



The	Dual	Problem
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<latexit sha1_base64="pd0ipwtgLF3n573ZQ7l1dEM85oU="></latexit>

max
x

min
y

f(x, y)  min
y

max
x

f(x, y)

Under	certain	condiHons: Zero-duality	Gap

What	are	the	condiHons?



Slater’s	Condi>on
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f(w)	and	g(w)	are	convex	

	is	affine	(i.e.	linear)	

	are	strictly	feasible	for	all	i,	which	means	there	
exists	some	w	so	that	 	for	all	i

hi(w)
gi(w)

gi(w) < 0

If	slater’s	condiHon	holds,	then	d* = p*
The	primal	opHmizaHon	problem	of	SVM	saHsfies	the	slater’s	condiHon	



KKT	Condi>ons
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Zero	duality	gap	is	sufficient	and	necessary	(i.e.	equivalent)	to	
saHsfy	KKT	CondiHons:

Normal	Lagrange	
mulHplier	equaHons

The	original	constraints



KKT	Condi>ons
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Zero	duality	gap	is	sufficient	and	necessary	(i.e.	equivalent)	to	
saHsfy	KKT	CondiHons:

If	 ,	then	

,	the	inequality	
is	actually	equality

α*i > 0
gi(w*) = 0



Thank	You!	
Q	&	A
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