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p(x) = ∑
y

p(x, y) = ∑
y

p(x |y)p(y)

If	our	goal	is	to	predict	 ,	the	distribuEon	is	oQen	wriSen	as:y

p(y |x) ∝ p(x |y)p(y)
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Recap:	Genera+ve	Models	
Compared	to	Discrimina+ve	Models
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GeneraEve	models	can	generate	data	(generaEon,	data	augmentaEon)

Inject	prior	informaEon	through	the	prior	distribuEon

Pros:

Cons:

OQen	underperforms	discriminaEve	models	on	discriminaEve	tasks	
because	of	stronger	assumpEons	on	the	data

May	be	learned	in	an	unsupervised	way	when	 	is	not	availabley
Modeling	data	distribuEon	is	a	fundamental	goal	in	AI
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Binary	classificaEon:	 	is	discretey ∈ {0,1}, x

Consider	an	email	spam	detecEon	task,	to	predict	whether	the	email	is	
spam	or	not

How	to	represent	the	text?

if	an	email	contains	the	j-th	word	of	the	dicEonary,	then	we	will	set	 ;	otherwise,	we	let	xj = 1 xj = 0

Dimension	is	the	size	of	the	dicEonary
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Suppose	the	dicEonary	has	50000	words,	
how	many	possible	x?
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Suppose	the	dicEonary	has	50000	words,	
how	many	possible	x?

Naive	Bayes	assumpEon:	 ’s	are	condiEonally	independent	given	xi y

For	any	i	and	j,	p(xi |y) = p(xi |y, xj)

Poxily : 1) APCXi,Xi

--

-
Pax(Y)

Pc +y= /

Xi : Whether "computer" appears Xj
=Wherether "software
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Autoregressive
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Parameters

ϕj|y=1 = p(xj = 1 |y = 1), ϕj|y=1 = p(xj = 1 |y = 0), ϕy = p(y = 1)

Autoregressive
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Parameters

ϕj|y=1 = p(xj = 1 |y = 1), ϕj|y=1 = p(xj = 1 |y = 0), ϕy = p(y = 1)
50000	x	2	+	1	parameters	(dict	size	is	50000)

Autoregressive
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Count	the	occurrence	of	 	in	spam/
non-spam	emails	and	normalize

xj
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What	if	we	never	see	the	word	“learning”	in	training	data	but	“learning”	
exists	in	the	test	data?
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Take	the	problem	of	esEmaEng	the	mean	of	a	mulEnomial	random	
variable	 	taking	values	in	{1,	…,	k}.	Given	the	independent	
observaEons	

z
{z(1), ⋯, z(n)}
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Take	the	problem	of	esEmaEng	the	mean	of	a	mulEnomial	random	
variable	 	taking	values	in	{1,	…,	k}.	Given	the	independent	
observaEons	

z
{z(1), ⋯, z(n)}

In	the	email	spam	classificaEon	case:

Why	adding	k	to	the	
denominator?

⑧ 00
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Parameter	EsEmaEon:	MLE	and	MAP
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Suppose	 	is	the	real	data	distribuEon,	 	is	our	model	
parameterized	by	

pdata(x) pmodel(x; θ)
θ- -
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<latexit sha1_base64="gmzagaNBQ5Hx5EAzsVaMe0Tw5II="></latexit>

argmax
✓

Ex⇠pdata(x)pmodel(x; ✓)

Suppose	 	is	the	real	data	distribuEon,	 	is	our	model	
parameterized	by	

pdata(x) pmodel(x; θ)
θ

S
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θ

	are	i.i.d.	(independent	and	
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pmodel(x
(i); ✓)

Why	can	we	make	this	approximaEon?

Monte	Carlo	EsEmaEon	of	ExpectaEon
-entrallimit thererem
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<latexit sha1_base64="Sad4rvsutzhV11UF+XeFW1QzEU8="></latexit>
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⇤
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Ex⇠p(x)f(x)
<latexit sha1_base64="RcACIaugMsWena8WMx+JZABOuSk="></latexit>

1

n

nX

i=1

f(x(i)), x(i) ⇠ p(x)

In	pracEce,	n	is	oQen	small,	like	1	sample

<latexit sha1_base64="Sad4rvsutzhV11UF+XeFW1QzEU8="></latexit>
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n
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Some	distribuEons	are	easy	to	sample	from	but	hard	to	compute	the	
probability	value	(hard	to	evaluate)	
Monte	Carlo	esEmaEon	requires	this	kind	of	distribuEon#P(x) = f(x) Xo
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Some	distribuEons	are	easy	to	sample	from	but	hard	to	compute	the	
probability	value	(hard	to	evaluate)	
Monte	Carlo	esEmaEon	requires	this	kind	of	distribuEon

Some	distribuEons	are	easy	to	compute	the	probability	value	(easy	to	
evaluate)	but	hard	to	sample	from	
How	to	sample	from	a	distribuEon	efficiently	is	a	separate	topic

-B

Epicit distributionT14ANs
--
-

-( Pax) I fox) - X is continuous
-

S
licit models⑮ generative
-

P(x)
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<latexit sha1_base64="gmzagaNBQ5Hx5EAzsVaMe0Tw5II="></latexit>

argmax
✓

Ex⇠pdata(x)pmodel(x; ✓)
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argmin
✓

DKL(pdata(x)||pmodel(x; ✓))

MLE	is	equivalent	to #L divergence
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DKL(p(x)||q(x)) = Ep(x) log
p(x)

q(x)
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MLE	is	equivalent	to

	is	a	distance	metric	between	two	distribuEons,	it	is	0	when	the	two	
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<latexit sha1_base64="pC0UeOYWsSwzIU6CIkxA4UENhlo="></latexit>

DKL(p(x)||q(x)) = Ep(x) log
p(x)

q(x)

When	data	is	all	the	data	from	the	world,	then	MLE	is	learning	a	
distribuEon	for	the	world

On Power

JSD = kL(P , NECx (

+ k((9(1Pxs
-

-m

-



Lumina(Death , Remodel)
O
-

dC ., o) distance
,
KL is only onecoption
-

when d=1 of MLE

diJSDC > => GAN

GAN



k(((IP) : Eyology, distance

-

not symmetric
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d = kL(211P) + K((P119) symmetric
d =0
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Suppose	we	want	to	esEmate	a	true	quanEty	 ,	and	our	esEmaEon	is	 ,	
then	we	define	the	bias	of	the	esEmaEon	as:

θ* ̂θ
-
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Suppose	we	want	to	esEmate	a	true	quanEty	 ,	and	our	esEmaEon	is	 ,	
then	we	define	the	bias	of	the	esEmaEon	as:

θ* ̂θ

bias = 𝔼( ̂θ) − θ*

When	does	the	esEmaEon	converges	to	the	true	value	when	
we	have	infinite	data	samples?

bias → 0, Var( ̂θ) → 0
bius-ounbiused

- - bins to, bins-
>0

N
unbiased kins



Learn	Parameters	from	Data	with	MLE
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Approximate	the	mean	and	variance	of	the	data
-

H , 62
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MLE	for	Gaussian	Mean	and	Variance
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Are	the	esEmaEons	biased?
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MLE	for	Gaussian	Mean	and	Variance
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Are	the	esEmaEons	biased?

Unbiased	esEmator:	 ̂σ2 = 1
n − 1

n

∑
i=1

(xi − ̂μ)2

-
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Max	A	Posterior	(MAP)	Es+ma+on
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Bring	prior	knowledge	to	the	parameter,	define	the	prior	 .	The	posterior	
distribuEon	is	 .	 	is	the	training	dataset

P(θ)
P(θ |D) D -

-
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Bring	prior	knowledge	to	the	parameter,	define	the	prior	 .	The	posterior	
distribuEon	is	 .	 	is	the	training	dataset

P(θ)
P(θ |D) D
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Bring	prior	knowledge	to	the	parameter,	define	the	prior	 .	The	posterior	
distribuEon	is	 .	 	is	the	training	dataset

P(θ)
P(θ |D) D

↓

EnemyPo
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Max	A	Posterior	(MAP)	Es+ma+on
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Bring	prior	knowledge	to	the	parameter,	define	the	prior	 .	The	posterior	
distribuEon	is	 .	 	is	the	training	dataset

P(θ)
P(θ |D) D

Bayesian	staEsEcs:	there	is	no	“parameters”	in	the	world,	all	are	posterior	
distribuEons	to	esEmate

nee
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How	to	Choose	Prior
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Inject	prior	human	knowledge	to	regularize	the	esEmate	
Could	learn	beSer	if	data	is	limited	

Puys z continuous
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Inject	prior	human	knowledge	to	regularize	the	esEmate	
Could	learn	beSer	if	data	is	limited	

Posterior	easy	to	compute	
Conjugate	prior

-Maximization

-peatconituer-

- dIcEy

Ofax,zi- ②

PLEPLy17) ↓ PryIt)
-

PCER) scome family ① Et
-

·
IX) EEEPXISPrzy arymax 10

as
O

log-
- -



Conjugate	Prior

23



Conjugate	Prior

23



Conjugate	Prior
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P(theta) P(D|theta) P(theta|D)

Gaussian Gaussian Gaussian

Beta Bernoulli Beta

Dirichlet Multinomial Dirichlet



MLE	vs.	MAP
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When	are	they	the	same?	



Thank	You!	
Q	&	A
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