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Review{MLE}:s. VAP

Maximum Likelihood estimation (MLE)

Choose value that maximizes the probability of observed data

Ori7 = arg m@ax P(D|0)

Maximum a posteriori (MAP) estimation

Choose value that is most probable given observed data and
prior belief

é\MAP = dl'g max P(9|D)

0
= arg max P(D
@re they the same.> RS
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Recap: Generalization
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Train, Validation, Test

Validation dataset is another set of pairs {(A(l), A(l)), v, (JAC(m), A(m))}

Does not overlap with training dataset



Train, Validation, Test

@on dat@s another set of pairs {(A(l), A(l)), L ()Ac(m), A(m))}

Does not overlap with training dataset

Test dataset is another set of pairs { (", 31, ..., G, 7))

Does not overlap with training and validation dataset



Train, Validation, Test

IS another

alidation data of pairs {(A(l), A(l)), e, (JAC(m), A(m))}

Does not overlap with training dataset

Test dataset is another set of pairs { (", 31, ..., G, 7))
Does not overlap with training and validation dataset
Completely unseen before deployment

Realistic setting
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Validation is Very Important



Validation is Very Important

Track underfitting/overfitting (in case of iterative training)
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= Track underfitting/overfitting (in case of iterative training)
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Validation is Very Important
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Validation is Very Important

Track underfitting/overfitting (in case of iterative training)
Decide when to stop training

Select hyperparameters
Hyperparameter tuning



Validation is Very Important

Loty ]

© Track underfitting/overfitting (in case of iterative training)

TR D AT
u o |/
7

vperparameter tuning
N—

When you tune trjperparameters harder, it is more likely the validation error

would mismatch the test error, because you are overfitting on the validation

—

© Decide when to stop training

© Select hyperparameters




Validation is Very Important

= Track underfitting/overfitting (in case of iterative training)
» Decide when to stop training

© Select hyperparameters
Hyperparameter tuning

When you tune hyperparameters harder, it is more likely the validation error
would mismatch the test error, because you are overfitting on the validation

Hyperparameter tuning is a form of training
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Good ML Practice



Good ML Practice

Do not look at or evaluate on the test dataset



Good ML Practice

@k at or evaluate on the test dat@

R —

Always track the training and validation metrics/errors/losses



Good ML Practice [

ko(jj ()Mlm[ e test V&V/Vafé @

' Do not look at or evaluate on the test dataset

Many people are implicitly using test ataset as valldatlon

N\

» Always track the training and validation metrics/errors Iosses
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Unsupervised Learning



Unsupervised Learning




Unsupervised Learning




Unsupervised Learning

No labels, only x is given i;ji?
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— Unsupervised Learning
T@)rw’@§W€c/f“H ' Q/M,,\Wp =
No tabets,only x is given

Unsupervised learning is typically “harder” than supervised learning



What is Clustering



What is Clustering

Clustering: the process of grouping a set of objects into classes of similar
objects

— high intra-class similarity
— low inter-class similarity
— It is the most common form of unsupervised learning
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What is Clustering

Clustering: the process of grouping a set of objects into classes of similar
objects

— high intra-class similarity
— low inter-class similarity
— It is the most common form of unsupervised learning Similarity is subjective

Clustering 1s subjective

Simpson's Family ~ School Employees Females



Distance Metrics

X = (Xq, X, +eey Xp)
Y= (Y1 Y2 o) Vp)



Distance Metrics

a

X = (Xq, X, +eey Xp)
Y= (Y1 Y2 o) Yp)

e
| xi — yi|

Euclidean distance d(x,y)= 2\ Z

i=l1

Manhattan distance d(x,y)= Zp:| Xi— Vil / 2 2(0'—/7?/
i=1

Sup-distance d(x,y)= rlnax [ Xi— i
<i<p

—

—_—




K-Means Clustering

o $o%°
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K-Means
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K-Means

Algorithm

Input — Desired number of clusters, k

Initialize — the k cluster centers (randomly if necessary)

lterate —

11



K-Means o
e

4 )
Algorithm / 5%
Input — Desired number of cluste@ - O <

Initialize — the k cluster centers (randomly if necessary)

PYs
Iterate —
- Q)
N

1@ints to thecluster centers

\/

\

P O(c'SfCWLCP yYELrT e
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K-Means

Algorithm

Input — Desired number of clusters, k

Initialize — the k cluster centers (randomly if necessary)

lterate —

Assign points to the nearest cluster centers

2. Re-estimate the k cluster centers (aka the centroid or mean), by assuming
the memberships found above are correct.
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K-Means

Algorithm
Input — Desired number of clusters, k
Initialize — the k cluster centers (randomly if necessary)

lterate —

. Assign points to the nearest cluster centers
2.

Re-estimate the k cluster centers (aka the centroid or mean), by assuming
the memberships found above are correct.

( TerminaticQ
none of the objects changed rship in the last iteration, exit.
Otherwise go to 1.
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K-Means: Step 1
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K-Means: Step 2
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K-Means: Step 3
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K-Means: Step 4
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K-Means: Step 5
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Objective of K-Means
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Objective of K-Means

—_————
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J(C,p) =

Objective of K-Means

B

C Ce)
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Objective of K-Means  clwte. [P , [

/ 0{0(6&1, -
.
J(C, p)f= Z [x) — MC(') |°/Alecreases momonotonically.
N\ i=1

Proof?

S —

K-means does not ﬁndz global m@this objective (it is NP-Hard)
_ >
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Initialization of Centers

Results are sensitive to the initialization
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Initialization of Centers

Results are sensitive to the initialization
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—Injtialization of Centers

Results are sensitive to the initialization
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Initialization of Centers

Results are sensitive to the initialization

o o

/'/‘_
1. Try out multiple starting points andicompare the objective
\-—*
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Initialization of Centers

Results are sensitive to the initialization

i i (1)
JC,p) =) |Ix = <P
=1

1. Try out multiple starting points and compare the objective
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Initialization of Centers

Results are sensitive to the initialization

i i (1)
JC,p) =) |Ix = <P
=1

1. Try out multiple starting points and compare the objective

2. K-means++ algorithm improves the initialization
20



Model Selection of K-Means (or

Uﬁsuperﬁse arning in General)

Try out multiple starting points and compare the objective

IC,p) = an“—uc TR

M

21



Model Selection of K-Means (or
Unsupervised Learning in General)

Try out multiple starting points and compare the objective

n i (1)
JCop) =) X =2
=1

This is unsupervised metric

21



Model Selection of K-Means (or
Unsupervised Learning in General)

o points and compare the objective y{l%/w/w‘i
o | -
I(Co =) ) —pe oot Gy

|
Zia N
AN w2
. & \ rSormetimes people use supervised metrics foy
Thig(is unsupervised metrN
ﬁ

validation, which is not strictly unsupervised learning
) N
J ) 7“ 71

Try out multiple starting ¢
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Model Selection of K-Means (or
Unsupervised Learning in General)

Try out multiple starting points and compare the objective
JC,p) =Y D = p 2
=1

Sometimes people use supervised metrics for

This is unsupervised metric D L . . .
validation, which is not strictly unsupervised learning

1. Compute the metric on training set or test set?
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Model Selection of K-Means (or
Unsupervised Learning in General)

Try out multiple starting points and compare the objective
JC,p) =Y XD = 2
=1

Sometimes people use supervised metrics for

This is unsupervised metric L L . . .
validation, which is not strictly unsupervised learning

1. Compute the metric on training set or test set?
2. For unsupervised learning, what is the difference of train and test?
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Model Selection of K-Means (or
Unsupervised Learning in General)

Try out multiple starting points and compare the objective
JC,p) =Y XD = 2
=1

Sometimes people use supervised metrics for
validation, which is not strictly unsupervised learning

1. Compute the metric onFraﬁng set or test set? ) —
2. For unsupervised learning, what is the difference 4f train and test? /)
3. Isit reasonable to assume the test input (x) is given:

~— — T

This is unsupervised metric

21






Model Selection of K-Means (or
Unsupervised Learning in General)

bjective

Try out multiple starting points
JCop) =[x — p "
=1

Sometimes people use supervised metrics for
validation, which is not strictly unsupervised learning

This is unsupervised metric

1. Compute the metric on training set or test set?
2. For unsupervised learning, what is the difference of train and test?

3. Isit reasonable to assume the test input (x) is given?

4. If now | give you e data examples, ask you to cluster them. Are these data

training or test?

21



Expectation Maximization (EM)



EM for Gaussian Mixture Model

f (1
Given a training set 6)6( ) x
- I
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EM for Gaussian Mixture Model

Given a training set {x1, .. x"™}  No Labels

o
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EM for Gaussian Mixture Model

Given a training set {x1, .. x"™}  No Labels

®
®
®
®
° ® . .
o0 . We have discussed the supervised
® ® ® caseﬁ(éaussian Discriminative Mode|
(I o © O
° o — >
®
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m or Gaussian Mixture Model

—

Given a training set {x1, .. x"™}  No Labels

®
®
®
®
® ®
o0 We have discussed the supervised
o o
0% o o case in Gaussian Discriminative Model
0 . ™

[ Ve |
odeling data distributioy is a fundamental goal in ML, not necessarily for

classification




The Generative Model

p(z): multinomial , k
classes(e.g. uniform)

Label

k (> 21)s (g5 29), -+ - (Mg 2p)

Data ®/

24



The Generative Mode Foco

—

p(z): multinomial, k I
. 7~
classes(e.g. uniform) We assume the generative process a

Label

k (> 21)s (g5 29), -+ - (Mg 2p)

Data ®/
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The Generative Model

p(z): multinomial , k

classes(e.g. uniform) We assume the generative process as:

L abel \ 1. For each data point, sample its label
% p(z)

(), 2.3-- &)

k T

(> 21)s (g5 29), -+ - (Mg 2p)

Data ®/

24



The Generative Model ﬂ“% e
p(z): multinomial , k ?@[ (J) ~ )

° \
classes(e.g. uniform)

/ We assume thée|generative processyas,

N
v el

1. For each data point, sample jtstabe

Label
from p(z)
Hys 21); .
2. Sample x;
Data .




The Generative Model

0(z): multinomial , k Kis a hyperparameter based on our assumption

Classes(e.g. uniform) We assume the generative process as:

z /ﬁf&n € 1. For each data point, sample its label
Label —
z; from p(z)

—_—

(> 21)s (g5 29), -+ - (Mg 2p)

2. Sample x; ~ N(u,, X))
Data o

24



The Generative Model

0(z): multinomial , k Kis a hyperparameter based on our assumption

Classes(e.g. uniform) We assume the generative process as:

1. For each data point, sample its label
z; from p(z)

Label

(> 21)s (g5 29), -+ - (Mg 2p)

2. Sample x; ~ N(u,, X))
Data o

Same as Gaussian Discriminative Analysis, but Z is
observed in GDA
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The Generative Model

0(z): multinomial , k Kis a hyperparameter based on our assumption

Classes(e.g. uniform) We assume the generative process as:

1. For each data point, sample its label
z; from p(z)

Label

(> 21)s (g5 29), -+ - (Mg 2p)

2. Samp|e Xl it N(IMZZ" Zzl.)
Data Gaussian Mixture Model (GMM)

Same as Gaussian Discriminative Analysis, but Z is
observed in GDA

24



Recap: How did we do in GDA?

Binary classification: y € {0,1},x € R
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Recap: How did we do in GDA?

Binary classification: y € {0,1},x € R

Assumption
ssumptio @ Bernoulli(¢
LY = O ~ myo,

__/____—-
_1 ™~ Nru’la

f

— i
f

25



Recap: How did we do in GD@?

| . y x €k
Binary classification: y € {0,1},x € R (5 )
Assumption J ~ Bermoulli(d) — .
y=1 ~ N(u,%)

py) = ¢'(1—9)"

—0) — . LD &

Pl =0 = Cr) I exp( i(f” o) 2™~ “))

. _ = o Tx—1 o

25




Recap: How did we do in GDA?
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Recap: How did we do in GDA?
-

lOg Hp(x(Z)a y(Z)a ¢7 Ho, M1, Z)

1=1

£(¢7 Mo, K1, Z)
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Recap: How did we do in GDA?

€(¢7 Mo, K1, E) — lOg Hp(x(Z)a y(Z)a ¢7 Moy K1, Z)
1=1

= log | [ p(=[y™; o, 1, )p(y™; 9).

/ 1=1
\\
/ ¢ = —Zl{y()—
\
ZZ: 1{ ()—O}x() \
S D e 11y{y(‘) = 0} ﬁmwﬁ

Ziny Uy = 12"

o= —Z ) — ) (@ — pyo)”

\
S
|

— 26



Recap: How did we do in GDA?

€(¢7 Ho, U1, E) — lOg Hp(x(Z)a y(Z)a ¢7 Ho, t1, Z)
1—=1
= log | [ p(=®[y"™; po, 1, £)p(y?; ).
i=1 —
I (/J X
— Z 1{y(%) _ 1

Zizl 1{y(z) — O}x(z)
> i H{y® =0}
S 1{y('i) — 1}:,;('&') A |
Zf’  Hy® =1} x

—Z ()—,Uyu —,Uyu)

26 E B N



The Generative Model

0(z): multinomial , k Kis a hyperparameter based on our assumption

Classes(e.g. uniform) We assume the generative process as:

1. For each data point, sample its label
z; from p(z)

Label

(> 21)s (g5 29), -+ - (Mg 2p)

2. Sample x; ~ N(u,, X))
Data o

Same as Gaussian Discriminative Analysis, but Z is
observed in GDA
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Maximum Likelihood Estimation for GMM

Modeling data distribution is a fundamental goal in ML

Al Z“U fery

/-\

 —

/

D“K/?/tm - ///Zmao, [2/

< I

E——1

e
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Maximum Likelihood Estimation for GMM

Modeling data distribution is a fundamental goal in ML

Supﬁervised'
@ax¢,ﬂ,<@p(~xa Z)

N

28



Maximum Likelihood Estimation for GMM

Modeling data distribution is a fundamental goal in ML

Supervised: Unsupervised:
argmax, v log p(x, 2) argmax, , v log pﬂ_}i)
—

- —

-

28



Maximum Likelihood Estimation for GMM

Modeling data distribution is a fundamental goal in ML

Supervised: Unsupervised:

argmax, < log p(x, 2) argmax, log p(x)

\/

Prediction:
p(z|x) « p(2)p(x|z)

28



Maximum Likelihood Estimation for GMM

Modeling data distribution is a fundamental goal in ML

Supervised: Unsupervised:

argmax, < log p(x, 2) argmax, log p(x)

U How to compute this?

Prediction:
p(z|x) « p(2)p(x|z)

28



Maximum Likelihood Estimation for GMM
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Maximum Likelihood Estimation for GMM

Up,p,B) = Y logp(z™;¢,p,X)
1=1
n k o o o
= ) log »  p(a®[z9; u, £)p(z?; ¢).

1. Intractable (no closed-form for the solution)

29



Maximum Likelihood Estimation for GMM

Up,p,2) = > logp(x?; e, p, )
1=1

n k
= ) log »  p(?]z9; 4, T)p(2; ¢).

/\/Q/)

% VDS W’ﬁk @{ (}%}

1. Intractable (no closed-form for the solution)

2. Expensive when k is large (if you want to do gradient descent)

}L'/ /JL/)“”
//

29



Things are easy when we know z..

In case we know 7
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Things are easy when we know z..

In case we know 7

U, 1, %) = ) logp(z?|2%; u, ) + log p(21; ¢).

1=1
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Things are easy when we know z..

In case we know 7

n

Up,p, X) = Y logp(z™|2"; u, ) + log p(27; ¢).

> H{z® = 5}z — ;) (2 — py)T
ST {0 = ) By

30



Things are easy when we know z..

In case we know 7

U, 1, %) = Y logp(a®|2%; 1, T) +log p(2%; 9).

1=1

1 « N
¢; = Ezl{z():]}’

Y {29 = 5}

Do 20 =4}

) > {2 =5}z - Hj)(x(i) — Mj)T.
Z?ﬂ l{z(z) =7}

A5
|

Expectation maximization is to infer the latent variables first (z here), and
maximize the likelihood given the inferred 7

30



Expectation Maximization for GMM

Repeat until convergence:

{
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Expectation Maximization for GMM

Repeat until convergence:

{

(E-step) For each 1, j, set

W = p(z® = j|z; ¢, , %)

31



Expectation Maximization for GMM

Repeat until convergence:

{

E-step) For each 1, 7, set : : : :
(E-step) o Compute the posterior distribution,
0 = p(® = jla®; 6, 4, )

) given current parameters
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Expectation Maximization for GMM

Repeat until convergence:

{ No parameter change in E-step

E-step) For each 1, 7, set : : : :
(E-step) o Compute the posterior distribution,
0 = p(® = jla®; 6, 4, )

) given current parameters
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Expectation Maximization for GMM

Repeat until convergence:

{ No parameter change in E-step

i, h g g : ' i 1
(E-step) For each 1, j, set COmpute the posterlor dIStrlbUthn,

0 . (50 — 140, -
w;  =p(z" =jlz%¢:m%)  given current parameters

J

(M-step) Update the parameters:

LN, 0
¢ = ngj,
1=1
I - Z?zl wj(.z)x(’i)
J o n i)
D ic1 ’w§-)
} o 2w @0 — )@ — )"
J

Z?:l 'wy)
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Expectation Maximization for GMM

Repeat until convergence:

{ No parameter change in E-step

(E-step) For each 1, j, set Compute the posterior distribution,

0 . (50 — 140, -
w;  =p(z" =jlz%¢:m%)  given current parameters

J

(M-step) Update the parameters:

1<~ o

¢j — ﬁng-),
1=1 |

L w2 update parameters using current p(z|x)
ljl. - —n 1 )
] Ei=1w§')

| N, S wi? (2@ — ) (@D — )T

J

Z?:l wy('Z)

31



Expectation Maximization

Why does it work?

What is its relation to MLE estimation?
How is convergence guaranteed?

When we perform EM, what is the real objective that we are
optimizing?’

32



General EM Algorithm
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General EM Algorithm

p(z;0) = ) p(z,2;0)
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General EM Algorithm

p(z;0) = ) p(z,2;0)

(0) = 3 logp(a®;0)
1=1

= f:log > (@, 29;6).
1=1

z ()
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General EM Algorithm

p(z;0) =) p(z,2;0)

£(6)

En: log p(z”; 6)

1=1

zn: log » p(z1, 2%;6).
1=1

z (1)

Let Q to be a distribution over 7
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General EM Algorithm

p(z;0) =) p(z,2;0)

(0) = 3 logp(a®;0)
1=1

En: log » p(z1, 2%;6).
1=1

z (1)

log p(z;0)
Let Q to be a distribution over 7

||
5
o3
[
=
&
N
=

||
5
o3
<
¥
=
=
N
=

\%

]
O
W
]
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General EM Algorithm

— Zp(xa 2 ‘9)

f: log p(z'"); 6)
Z log Zp 33(%) 290

z(2)

N
—~~

D
~—

|

Let Q to be a distribution over 7

This lower bound holds for any Q(z)

log p(; 0)

33

'V

log Zp(x, 2; 0)

logZQ

Y " Q(2)log”



General EM Algorithm

— Zp(xa 2 9)

En: log p(z¥; )
Z log Zp 3;(1) Z("')

N
—~~

D
~—

|

2 This lower bound holds for any Q(z)
C : logp(z;0) = 10gZp(a:,z; 0)
Let Q to be a distribution over 7
_ IOgZQ p(zx, z; 9)
(:1: 2; 0)
> ZQ(Z)log
Jensen inequality : Q(2)
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Jensen Inequality

For a convex function f, and r € |0,1]

ftx, + (1 = )xy) < tf(x)) + (1 = 1)f(x,)
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Jensen Inequality

For a convex function f, and r € |0,1]

ftx, + (1 = )xy) < tf(x)) + (1 = 1)f(x,)

In probability:

AELX] < [AX)]
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Jensen Inequality

For a convex function f, and r € |0,1]

ftx, + (1 = )xy) < tf(x)) + (1 = 1)f(x,)

In probability:

AELX] < [AX)]

If fis strictly convex, then equality holds only when X is a constant

34



Evidence Lower Bound (ELBO)
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Evidence Lower Bound (ELBO)

logp(z;0) = log» p(,z0)
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Evidence Lower Bound (ELBO)

logp(z;0) = log» p(,z0)

|
—
@)

0]
NM N
&
Ve
AN,

p

Q(z,) ELBO
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]
O
O
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Evidence Lower Bound (ELBO)

logp(z;0) = log ) p(z,2;0)

|
[S—
o
o<
»
VR
N
N—r"
g~
N
]
R
D
N—"

Q(z) ELBO
> 3°0(2) log p(z, 2;0)

Because the log likelihood is intractable, people often
optimize its lower bound instead
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Evidence Lower Bound (ELBO)

logp(z;0) = log » p(,2;0)

|
<)
0%
L
o
=

Q(z) ELBO
> 3°0(2) log p(z, 2;0)

Because the log likelihood is intractable, people often
optimize its lower bound instead

Why optimizing lower bound works? How to choose Q(z), why we
computed posterior in the E step, what is the benefit?
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Thank You!
Q& A
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