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Recap: Generative Models

We want to mode@ In discriminative models, we need to
“design” model to make assumption
s °® about the function: linear regression,
logistic regression, kernel methods ....
¢ ®
o0 ¢ °
® o ¢ ®
©% 4 o ® In generative models, we “design” the model

®
¢ and make assumptions about the data,
through defining a distribution family
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Recap: Generative Models
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As a simplest case, we directly assume x ~ N(u, 2)



Recap: Generative Models

T

Data, D = O B B A A S /AN A6 A O O
Xi X Xa X

As a simplest case, we directly assume x ~ N(u, 2)

By varying the parameters (¢, 2.), the model represents different
distributions that belong to the Gaussian family



Recap: Generative Models

How to construct more complex
distribution family?



Recap: Generative Models

How to construct more complex
distribution family?

Introducing more latent variables



Recap: Gaussian Mixture Model

p(z): multinomial , k
classes(e.g. uniform)

Label

k (> 21)s (g5 29), -+ - (Mg 2p)

Data ®/
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Recap: Gaussian Mixture Model

p(z): multinomial , k

Classes(e.g. uniform) We assume the generative process as:

1. For each data point, sample its label
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Recap: Gaussian Mixture Model

p(z): multinomial , k

Classes(e.g. uniform) We assume the generative process as:

1. For each data point, sample its label
z; from p(z)

Label

k (> 21)s (g5 29), -+ - (Mg 2p)

2. Sample x; ~ N(u,, X))
Data __Z_J




Recap: MLE for GMM

p(z): multinomial , k
classes(e.g. uniform)
Unsupervised:

 abel argmax, Zl()gp(x)

How to compute this?
k (Uys 21)s (Hoy 29), - o (g 2p)

% @ ropereiied
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Recap: MLE for GMM

k
= ) log ) |p(a? " p, Z)p(21; 9).
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Recap: MLE for GMM

(P, p, 2)

> logp(z®; ¢, p, %)
1=1

||
5
=
Hf\
BX
RS
e
=3
N/\

FT& Z is lond-monse J

Intractable (no closed-form for the solution

S ——

—




Recap: MLE for GMM

U(o, 1, X) Zlogpr(i ¢, 1, 2)
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Recap: MLE for GMM

Up, 1, 8) = > logp(z; ¢, p,%)
1=1

n k
> log »  p(a@[z9; u, T)p(z1; ¢).
1=1

1. Intractable (no closed-form for the solution)
2. Large variance in gradient descent

Expectation Maximization is to address the MLE optimization problem
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Things are easy when we know z..

In case we know 7

U, 1, %) = ) logp(z?|2%; u, ) + log p(21; ¢).

1=1
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Things are easy when we know z..

In case we know 7

-
( ik . . .
Up, 1, %) = Y logp(z? |2 u, X) + log p(21; ¢).
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Things are easy when we know z..

In case we know 7

U, 1, %) = Y logp(a®|2%; 1, T) +log p(2%; 9).

1=1

1 « N
¢; = Ezl{z():]}’

Y {29 = 5}

Do 20 =4}

) > {2 =5}z - Hj)(x(i) — Mj)T.
Z?ﬂ l{z(z) =7}

A5
|

Expectation maximization is to infer the latent variables first (z here), and
maximize the likelihood given the inferred 7
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Expectation Maximization for GMM

Repeat until convergence:

{
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Expectation Maximization for GMM

Repeat until convergence:

{ fndey &
(E-step) For each 1, j, set

w
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Expectation Maximization for GMM

Repeat until convergence:

{

E-step) For each 1, 7, set : : : :
(E-step) o Compute the posterior distribution,
0 = p(® = jla®; 6, 4, )

) given current parameters
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Expectation Maximization for GMM

Repeat until convergence:

—
1 No parameter change in %
G

E-step) For each 1, 7, set : : : :
(E-step) o Compute the posterior distribution,
0 = p(® = jla®; 6, 4, )

) given current parameters
- - e W e ., ——_——\
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Expectation Maximization for GMM

No parameter change in E-sty (Q 1)
E-step) For each 1, 7, set : : : :
(E-step) ’ Compute the posterior distribution,

(3) — ;1:(9). :
'} p(z” =jlz% ¢, m2)  giyen current parameters
R—
(M—ge?)@te the parameters: )
1 i
P; = E;UJg’ [U FCX) “'-2/)
D i w2

} o 2w @0 — )@ — )"
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Expectation Maximization

Why does it work?

(What s its relation to MLE @ /JJ )7@7

—

How is convergence guaranteed?

R ——

When we perform EM, what is the real objective that we are
optimizing?’ -

-
- -
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General EM Algorithm
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General EM Algorithm

p(z;0) = ) p(z,2;0)
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General EM Algorithm

Z
__—
(o) = Y logp(z?;6)
=1
Zlog Zp(:c(') 2(); 6)
=1 ~(%)
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General EM Algorithm

p(z;0) =) p(z,2;0)

£(6)

En: log p(z”; 6)

1=1

zn: log » p(z1, 2%;6).
1=1

z (1)

Let Q to be a distribution over 7
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General EM Algorithm

oo Log P
p(a:6) = 3 p(z, =6) o gl

F [

= | i < (/U

() = log p(z¥; ) | owy v )7\)"/“’”/( — )DQG/

izzl > / \ I~ - <bl -
= Zlog Zp(x(i),z(i);O). LOJ J?(%)

z ()

log p(; 0)

Let Q to be a distribution over 7 J

Eh
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General EM Algorithm

— Zp(xa 2 ‘9)

f: log p(z'"); 6)
Z log Zp 33(%) 290

z(2)

N
—~~

D
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Let Q to be a distribution over 7

This lower bound holds for any Q(z)

log p(; 0)

12
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logZQ
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General EM Algorithm
p(z;0) =) p(z,2;0)

(0) = 3 logp(a®;0)
1=1

En: log » p(z1, 2%;6).
1=1

2(0) This lower bound holds/ffor any Q(z)

log p(; 0)

Let Q to be a distribution over 7

'V

Jensen inequality
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Jensen Inequality

For a convex function f, and r € [0, 1]
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Jensen Inequality

For a convex function f, and ¢ 1] \

flx; + (1 = Dxy) < 1f(x) + (1 = Df(xy) frey fressr == =

’ GC ﬁ[;bq) :/\(67[70@ At POCL})CL
In probability: 3/]/ ey -=)

SEXD <T C [ +fes |
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Jensen Inequality

For a convex function f, and r € |0,1]

ftx, + (1 = )xy) < tf(x)) + (1 = 1)f(x,)

In probability: X S Conftunt j[ [ Etsy ) = 6: L#(%J

AELX] < [AX)]

If fis strictly convex, then equality holds only when X is a constant
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Evidence Lower Bound (ELBO)
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Evidence Lower Bound (ELBO)

logp(z;6) =
>
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Evidence Lower Bound (ELBO)

logp(z;0) = log» p(,z0)
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Evidence Lower Bound (ELBO)

logp(z;0) = logZp(a:,z;O) @> w
IOgZ Q(Z)p(x, 2 0) Q[

- Q(z) ELBO _
p(z, z;0)
> EZ:Q(Z) log Q(2) Q. cv) M/)

Because the log likelihood is intractable, people often
optimize its lower bound instead
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Evidence Lower Bound (ELBO)

(logp(:c,@) = logZp(a:,z,H)
(2, 2 0)
p(z, z; ) [Sue,
> ) Q(z)log 00

EW,(
Because the log likelihood is intractable, people often -
optimize its lower bound instead

L . - — — —
/Whmm@@How to choose Q(z), why we
computed posterior in the Estep, whatis the benefit:

14
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Evidence Lower Bound (ELBO)

logp(z;0) = log» p(,z0)
1 APz % 0)
= lgzz:Q( ) 002)
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Evidence Lower Bound (ELBO)

logp(z;0) = log» p(,z0)

Jeaten  #
]//H@?/A//\/"l\f/
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Evidence Lower Bound (ELBO)

log p(z; 0)

|
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Evidence Lower Bound (ELBO)

log p(z; 0)

(2 Cr)

'V




Evidence Lower Bound (ELBO)
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Evidence Lower Bound (ELBO)
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Evidence Lower Bound (ELBO)

2;0)
Q(Z)

Verify EQ ) log © when Q(z) = p(z|x) ?

p(x, z;0)
Q(2)

ELBO(z; Q, 6) = ZQ ) log
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Evidence Lower Bound (ELBO)

Verify EQ ) log Q(z)e) when Q(z) = p(z|x) ?
ELBO(z; Q, §) = ZQ ) log gé;)e)

VQ,0,x, logp(x;0) > ELBO(z;Q,0)
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Evidence Lower Bound (ELBO)

Verify ZQ ) log Q(z)e) when Q(z) = p(z|x) ?
ELBO(z; Q, ) ZQ ) log g(j)g)

For a dataset of many data samples

£00) 2 XELBO(QS@; Qi 0)
_ 1 .(0) p(x(i), Z(i); 0)

16




Evidence Lower Bound (ELBO)

p(x, z;0)
Q(2)

ELBO(z; Q, 0) = ZQ ) log
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Evidence Lower Bound (ELBO)

:vz@)

ELBO(z; Q, ) = ZQ ) log

What |s‘argmaxQ( )ELBO(x 0,0 ’
@C% = PC%(?D
o>

L LB UJ )76)6

\)
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The General EM Algorithm

YL D r)(/‘r A oy Ql/\f/w €
Repeat until convergence { / .

step ) For each 1%, set

Q, Z(z)) :p(z(z)‘x(z) 9).

(M-step) Set
6 .= arg max ELBO(z'”; Q;, 6) K B \




The General EM Algorithm

Repeat until convergence {

(E-step) For each 7, set

Qz’(z(i)) - p(z(i)\x(i); 9)0 Based on current @, model parameters does not

change in E-step

(M-step) Set

- G). 0.
0 : a,rgmeaxZELBO(x . Q;,0)

1=1
. (1) »(i).0
argmgxxz E Q:(z") log 0.0y

A C)

18



The General EM Algorithm

Repeat until convergence {

(E-step) For each 1,
.(Z(i)) L (z(’:)\x(i) @ Based on current @, model parameters does not
chensein Fstep

5025

(M-step) Set

~— N
n._ ONa)
0 .= arg max E ELBO(z'; Q;,

———

Q(z) is not relevant to 6, and Q(z)does
not change in the M-step  — —

1=1
. (1) »(i).0
a,rgmgl,xz E Q:(2")log 0.0,

A C)

—

(9 CY/
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The General EM Algorithm

Repeat until convergence {

(E-step) For each i, set
Q.(z(i)) L p(z(i)\x(i)° 9) Based on current @, model parameters does not

change in E-step

(M-step) Set

f := argmax ¥ ELBO(z";Q;,0)
0 Z ((z) is not relevant to @, and Q(z)does

not change in the M-step

1=1
. (1) »(i).Q
g 35 0,6 g 2250
arg max Q:(z") log 0:(z00)

A C)

E-step is maximizing ELBO over Q(z), M-step is maximizing ELBO over@

18






The General EM Algorithm

Repeat until convergence {

(E-step) For each 7, set

Qi(z(i)) . p(z(i)‘x(z’); 9). Based on current @, model parameters does not

change in E-step

(M-step) Set

f := argmax ¥ ELBO(z";Q;,0)
0 Z ((z) is not relevant to @, and Q(z)does

not change in the M-step

1=1
. (1) »(i).Q
g 35 0,6 g 2250
arg max Q:(z") log 0:(z00)

A C)

E-step is maximizing ELBO over Q(z), M-step is maximizing ELBO over@

Why is maximizing lower-bound sufficient?

18



EM is Hill Climbing

log p(x; 0)

Larger
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@

log p(x; 0)

@-\A

EM is Hill Climbing

Only related to 6’,
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EM is Hill Climbing

Larger
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EM is Hill Climbing

Larger

E-step: O(2) = p(z|x; 6), making ELBO tight

it “\”“”6@
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EM is Hill Climbing

oy

log p(x; 6
g6 0) Larger
L)
fe2% ELBO
QS E-step: O(2) = p(z|x; 6), making ELBO tight

“dog” doesn’t change, because @ does not change
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EM is Hill Climbing

oy

oe®

Larger

E-step: O(2) = p(z|x; 6), making ELBO tight

“dog” doesn’t change, because @ does not change
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EM is Hill Climbing

Larger
i ELBO
O
© ) ) lfo”J‘g
SN2
M-step: max ELBO V.2 [ 7 =y

0 /
ELBO becomes larger, and it is nofght/

anymore because posterior changes

21
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log p(x; 0)

ELBO

EM is Hill Climbing

|y

O ®

Larger

@) '
e > \¥step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes
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EM is Hill Climbing

|y

O ®

log p(x; 0)

Larger

I
%/

©e

//

ELBO

-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes
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EM is Hill Climbing

Larger
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EM is Hill Climbing

|y

e ®

log p(x; 0)

Larger

I
%/

©e

//

ELBO

E-step: O(2) = p(z]|x; 8), making ELBO tight

“dog” doesn’t change, because @ does not change
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EM is Hill Climbing

|y

O ®

log p(x; 0)

Larger

I
%/

©e

//

ELBO

M-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes

24



EM is Hill Climbing

oy

e ®

log p(x; 0)

Larger

A M
7o

©e

//

ELBO

M-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes

log p(x; @) is monotonically increasing!
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EM is Hill Climbing

|y

e ®

log p(x; 0)

Larger

A M
7o

©e

//

ELBO

M-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes

log p(x; @) is monotonically increasing!

We are doin mplicitly!
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EM is Hill Climbing

|y

O ®

log p(x; 0)

MJ Pin) £ 0 Larger

-

~

A M
7o

©e

//

ELBO

M-step: max ELBO
0

ELBO becomes larger, and it is not tight
anymore because posterior changes

log p(x; @) is monotonically increasing!

We are doing MLE implicitly! Convergence is guaranteed

24



Revisit the E-Step

Repeat until convergence {

(E-step) For each 17, set
Q=) = p(z0}a%;6).

(M-step) Set

0 —a,rgma.xZELBO (z'9; Q;, 0)

(4) (z‘)-g)
33 Qi) p(z™, 23
= arg max 2 Qi(z log 0:(z®)

0

25



Revisit the E-Step

Computable posterior is important. If Q(z) is
Repeat until convergence { not the posterior, then there is no guarantee

(E-step) For each i, set that log p(x) is improved at every iteration
Qi(z") == p(2"|z1; 6).

(M-step) Set

0= argma.xZELBO (z; Q;,0)

(@) »().9
E : 2 : (z) (:E y 207 )

) z()

25



Revisit the E-Step

Computable posterior is important. If Q(z) is
Repeat until convergence { not the posterior, then there is no guarantee

(E-step) For each i, set that log p(x) is improved at every iteration

Qi(2") = p(z1V|z1; 6). M/hich is for

(M-step) Set

_ (. 0.
0 : a,rgmg)x; LBO(z'; Q;,0)

T 20 9)
Qi(z(’i)) .

= arg max Z Z Qi(z") log P

1 z(2)

25



Revisit the M-Step
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Revisit the M-Step

p(x, z; 0) (@gmaxez Q2)log p(x, z; 0)

argmax, Z O(7)log ———

0(2)

Ly A s l Gy /J Vex, 27 0y mee—— = —
%
Cﬁﬂ@’{&u/'f
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Revisit the M-Step

p(x,z;0)
0(2)

Sometimes the sum is computable, but sometimes not

argmaxez O()log ——— = argmaxez O(2)log p(x, z; 0)

26



Revisit the M-Step

p(x,z;0)
0(2)

Sometimes the sum is computable, but sometimes not

argmax, Z Q(z)log p(x, z;0) = @ZNQ(Z) log p(x, z; 0)

.

argmaxez O()log ——— = argmaxez O(2)log p(x, z; 0)

\

26



argmax,, Z O(7)log ———

Revisit the M-Step

p(x,z;0)
0(2)

= argmaxez Q(2)log p(x, z; 0)

Sometimes the sum is computable, but sometimes not

argmaxgz O(2)log p(x,z;0) = argmaxe
ijﬁc Y e

onto-Carlo sampling to approxmate the expectation

— _

We can use

26

2~Q(2) log p(x, z; 0)
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Comparing Direct Maximization and EM

Direct maximization:

argmax, log Zp(x | 2; O)p(z) = argmax, log ()P | z; 6)

<
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Comparing Direct Maximization and EM

1V~f
Direct maximization:
m Z px|z; O)p(z),= argmaxéay<z>p(x | 2; 6)

M-Step in EM:

argmax, Z Q(2)log p(x, z; 0) = argmax k., log p(x, z; 0)

<

7//\/(QQ°«I>/
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Comparing Direct Maximization and EM

Direct maximization:

argmax, log Zp(x | 2; O)p(z) = argmax, log ()P | z; 6)

<

M-Step in EM:

argmax, Z Q(2)log p(x, z; 0) = argmax k., log p(x, z; 0)

<
Why don’t we use MC sampling to approximate
expectation in direct maximization?
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Comparing Direct Maximization and EM

f?(%)
Direct maximization: [bj ﬁy/“/ [MJ 3 \/(w\‘oﬂué
argmax, log Zp(x | 2, 0)p(z) = argmax, log ()P | z; 6) \
< .

M-Step in EM:

argmax, 2 Q(2)log p(x, z; 0) = argmax k., log p(x, z; 0)

-2

<
Why don’t we use MC sampling to approximate
expectation in direct maximization?

It may need a large number of samples to have a good approximation

27
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Other Interpretations of ELBO

ELBO(zx;Q,0) = E.g|logp(z, 2;0)] — E,.gllog Q(z
= E,gllogp(x|z;0)| — Dkr(Q||p:)

Regyﬂ Q(z) towards th
L /

(9ca)

ibution p(z]|x)

prior p(z)

—

[ Maximizing ELBO over Q(z) is essentially solving the posterior distr

gar -~ SN ?c%;;c/

(\/
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Further Questions
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Further Questions

What if we do not have closed-form model posterior?
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Further Questions

What if we do not have closed-form model posterior? —> Variational EM
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Further Questions

What if we do not have closed-form model posterior? —> Variational EM

The process of approximating the model posterior is called variational inference
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Further Questions

What if we do not have closed-form model posterior? —> Variational EM

The process of approximating the model posterior is called variational inference

We will learn variational autoencoder later

29



Thank You!
Q& A
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