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Announcements

1. Mid-term exam grades are out, we will hold a paper-check session

next week P
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I.i.d to sequential data



I.i.d to sequential data

1 So far we assumed independent, (X vid p(X)
identically distributed data -



I.i.d to sequential data

1 So far we assumed independent, (X, iid p(X)
identically distributed data

JSequential (non i.i.d.) data

— Time-series data
E.g. Speech

Amplitude

— Base pairs along a DNA strand
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I.i.d to sequential data

1 So far we assumed independent, (X, iid p(X)
identically distributed data =

JSequential (non i.i.d.) data

— Time-series data
E.g. Speech

Amplitude

— Base pairs along a DNA strand

—5'.;3!“ ..'H

(Sequential data is still i.i.d on the sequence level)
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Revie@lgorithm /
Marginalization

S

P(h)—ZZZZZZZP(a b,c,d,e, f,g,h)
naive summation needs to

( J/ > enumerate over an exponential

number of terms




Review: Elimination Algorithm /
Marginalization

\
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g [ e d ¢ b a

a haive su lon needs to
N\ —renumerate over an exponential

number of terms







Review: Elimination Algorithm /
Marginalization

P(h)y=> > > > > > > P(a,b,c,d,e, f,g,h)
g f e d ¢ b a

a nhalve summation needs to
enumerate over an exponential

number of terms

What if the random variables follow this chain structure?
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Review: Markov Models



Review: Markov Models
Y. N L

J Markov Assumption Poxy = J)/ Fexo)x P
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Review: Markov Models

. Markov Assumption

15t order

2nd ordﬁe




Review: Markov Models



Review: Markov Models

Homogeneous/stationary Markov model (probabilities don't depend on n)



Review: Markov Models

Homogeneous arkov model

J Markov Assumption

15 order p(X) = |]p(Xn|Xn-1)

(probabilities don't depend on n)

VTpo;;me’rer‘s in f Cxn | K
statio model




Review: Markov Models

Homogeneous/stationary Markov model (probabilities don't depend on n)

# parameters in
stationary model

1 Markov Assumption K-ary variables

15t order p(X) = |]p(XnlXno1) O(K?)
1=1
n )
mthorder  p(X) = |]p(XalXn-1,... Xuem) /O(Km) 06 S




Review: Markov Models

ey = [, VCXM)
Homogeneous/stationary Markov model (probabilities don't depend on'n)

# parameters in
stationary model
K-ary variables

J Markov Assumption

n

15t order p(X) = |[p(XnlXno1) O(K?)
=1 /

n

mthorder  p(X) = |]p(XnlXn-1,... Xnom) O(K™)
1=1

/-@ Z&(K)\z ﬁp(Xn|Xn_1,...,X1) Fé(i)

1=1
= NO assumptions — comple e U irec Ed) graph
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Hidden Markov Models

§ .@SH .QST
O

O, Or4 O;

O

T T
p(Sh"')ST)Ol)"'?OT) — Hp(Otl‘St H St‘St 1
— t=1

f
/ﬁorder Markov assumption on hidden states {S;} t=1, ..., T
(can be extended to higher order).
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Hidden Markov Models

p(Sl,...,ST,Ol,...,

15t order Markov assumption on hidden states {S;} t=1, ..., T

\ (can be extended to higher order).

/\

Is Orand O, independent?
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Hidden Markov Models
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Hidden Markov Models

* Parameters — stationary/homogeneous markov model
(independent of time t)




Hidden Markov Models

Parameters — stationary/homogeneous marko@
(independent of timet)
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Initial probabilities
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Hidden Markov Models

* Parameters — stationary/homogeneous markov model

(independent of time t) /\
(s s, O s s

Initial probabilities

p(S, =1i) =T

Transition probabilities




Hidden Markov Models

* Parameters — stationary/homogeneous markov model
(independent of time t)

\_/\
[

Initial probabilities
p(Sl =) = L¥

Transition probabilities
P(S; =]lS;1=1) = Pi;

Emission probabilities
. Y
@)t =y]| SF%
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Hidden Markov Models

* Parameters — stationary/homogeneous markov model
(independent of time t)

Initial probabilities
p(S, =1i) =T

O

Transition probabilities Ve F
P(S; =]lS;1=1) = Pi;

({St}i=1,{O}i=1) =

T T
p(Sl)Hp(St|St 1 H Ot‘St
— t=1

Emission probabilitie
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e The Dishonest Casino

A casino has two dices:
"\
Faifdice -

"P(1) = P(2) = P(3) = P(5) = P(6) = 1/6

HMM Example

Vcol 9),1

, -

/LLCa’sTno player W- < otfoe ;
forth between fair and loaded djé
with 5% probability g
K—/
- 10 0.




HMM Example
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die

\

Tﬁ/EN: »?l sequence of rolls by the casino player

v P
6462746714673671366676646616 6165156

HMM Example

<

T T~—— T |
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HMM Example

GIVEN: A sequence of rolls by the casino player

64627467467367366676646676:6676:6671636765156

Question

1. How likely is the sequence given our model?
This is thproblem in HMMs
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HMM Example

GIVEN: A sequence of rolls by the casino player
646214614613671366616646616366163661636165156 612356
Question

1. How likely is the sequence given our model?
This is the evaluation problem in HMMs

2. What portion of the sequence was generated with the fair die, and

what portion with the Toaded di o
This is the decodi questio@s

N
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HMM Example

GIVEN: A sequence of rolls by the casino player
646214614613671366616646616366163661636165156 612356

Question

1. How likely is the sequence given our model?
This is the evaluation problem in HMMs

2. What portion of the sequence was generated with the fair die, and

what portion with the loaded die
This is the decoding question in HMMs

3.How “loaded” is the loaded die? How “fair” is the fair die? How often

does the casino rom fair to loaded, and back?
This is thellearning questiop/in Hll\l/ll\/ls




Three Main Problems in HMMs
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Three Main Problems in HMMs

* Evaluation — Given HMM parameters & observation seqn{O;}/_,

find p({O:},—, |0) prob of observed sequence
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Three Main Problems in HMMs

 Evaluation — Given HMM parameters & observation seqn{O,}._,

find p({O:},—, |0) prob of observed sequence

* Decoding — Given HMM parameters & observation seqn {O;}/_,
find arg max p({St};—;{O¢};—1,¢) most probable

Loyeeey ST

sequence of hidden states
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Three Main Problems in HMMs

* Evaluation — Given HMM parameters & observation seqn{O;}/_,

find p({O:};—, |¢) prob of observed sequence

* Decoding — Given HMM parameters & observation seqn {O; };_,

,...

sequence of hidden states

* Learning — Given HMM with unknown parameters and {O:},_;
observation sequence

find argm@axp({Ot}z;l\Q) parameters that maximize

likelihood of observed data
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HMM Algorithms
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HMM Algorithms

* Evaluation — What is the probability of the observed
sequence? Forward Algorithm
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HMM Algorithms

* Evaluation — What is the probability of the observed
sequence? Forward Algorithm

* Decoding — What is the probability that the third roll was

loaded given the observed sequence? Forward-Backward
Algorithm
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HMM Algorithms

* Evaluation — What is the probability of the observed
sequence? Forward Algorithm

//WQ St~

/ D INg — What is the probability that the thi;d roll was
__’—\___’/\_\

loaded given the observed sequence? Forward-Backward
Algorithm

— What is the most likely die sequence given the observe
sequence? Viterbi Algorithm

N
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HMM Algorithms

* Evaluation — What is the probability of the observed
sequence? Forward Algorithm

* Decoding — What is the probability that the third roll was

loaded given the observed sequence? Forward-Backward
Algorithm

— What is the most likely die sequence given the observed
sequence? Viterbi Algorithm

* Learning — Under what parameterization is the observed
sequence most probable? Baum-Welch Algorithm (EM)

—
(‘\
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Evaluation Problem
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Evaluation Problem

* Given HMM parameters p(S1), p(S¢|Si—1), p(O¢|S;) & observation
sequence {O:}/_;

14



Evaluation Problem

* Given HMM parameters p(51), p(St|Si—1),p(0:|S:) & observation
sequence {O+};—;

find probability of observed sequence

p({Ot}Zzl) Z p({O:}i=1,{St}i=1)

S1,...,8T

14



Evaluation Problem
¥057/$§1) )7455 (S0 ) /Zﬂyglﬂ
* Given HMM parameters p(S1), p(S¢|Si—1), p(O¢|S;) & observation

sequence {O:};_,

find probability of observed sequence

p({Ot}?:l) = Z p({Ot}Z:D {St}thl)

S1,...,9T

= /Y pS1) | [ p(S:]Si-1)

| =~

requires summing over all possible hidden state values at all
T 0

times — K' exponential # terms!

| y
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Forward Probability
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Forward Probability

P({Ot}?:l) — ZP({Ot}Zzla St =k) = Zal}
k k

B S

N~
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Compute forward probability o

p({Ot}i—1) F

|
=
——
S
—
TN
'l_ll
2
~

|

N

\

(P(Otst = k) Zai—1p(5t = k‘SD) T

Chain rule

Markov assumption

/

recurswely overt
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Forward Algorithm

Can compute o.% for all k, t using dynamic programming:
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Forward Algorithm

Can compute a.* for all k, t using dynamic programming:

 Initialize: |a,*=p(0,]S; =k) p(S; =k) for all k

==

16



Forward Algorithm

Can compute a.* for all k, t using dynamic programming:

 Initialize: a,%=p(0,|S, =k) p(S; = k) for all k

 |terate:fort=2, ... T
o, = p(O,|S, = k) ol p(S, = k]S, , = i) for all k
|

16



/

= Forward Alg

Zan compute o.* for all k, t using dynamic programming:

i

a,“=p(0,|S, =k) p(S, = k) for all k

e \Initialize:

* |terate:fort=2,.. 1T

K = p(otlst = k) z aic-l p(st = klst-l =i)
|

for all k




Forward Algorithm

Can compute a.* for all k, t using dynamic programming:

 Initialize: a,%=p(0,|S, =k) p(S; = k) for all k
e |terate:fort=2,.. T
o, = p(O,|S, = k) ol p(S, = k]S, , = i) for all k
I
o I 0 —2

e Termination: p({O} ) =3 a'} L
k

Can we do in the backward direction?
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Forward Algorithm

Can compute a.* for all k, t using dynamic programming:

 Initialize: a,%=p(0,|S, =k) p(S; = k) for all k

 |terate:fort=2, ... T
o, = p(O,|S, = k) ol p(S, = k]S, , = i) for all k
I

|

e Termination: p({O} ) =3 oﬂ.‘r
k

You will try this in your H

—_———

Can we do in the backward direction?
e — 16




Decoding Problem 1
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Decoding Problem 1

 Given HMM parameters p(S1), p(S:|Si—1), p(O¢]S:) & observation
sequence {O:}/—, ‘r

find probability that hidden state at time t was { p(S: = k[{O:}/_1) ’

7

\ T

 C——
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Decoding Problem 1

 Given HMM parameters p(S1), p(S:|Si—1), p(O¢]S:) & observation
sequence {O:}/—,

find probabili den state at time t was k p(S; = k|[{O:}/,)

= —
| p(St = k, {Ot}le) / / p(O . oo Ot, St — k’, Ot_|_1, c e ey OT)/
& "’ D 1,...,t,St:/‘C)p(OH_l,...,OT‘St:k) '

= g vty
= ——
————

Compute recursively K

17






Backward Algorithm

18



Backward Algorithm

Can compute B.X for all k, t using dynamic programming:

* Initialize: B*=1 for all k
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Backward Algorithm

Can compute B.* for all k, t using dynamic programming:

FC OT*I/ 57/6)
o Initialize: /Bk=1 forallk  Why this initialization?
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Backward Algorithm

Can compute B.* for all k, t using dynamic programming:

e Initialize: Bk=1 forallk  Why this initialization”?
Jo .
R s R
/ —
Oi41|St41 = 1) 3 jor all k
.

18



Backward Algorithm ~
)

Can compute B.X for all k, t using dynamic programming: - O (4D .1

* Initialize: B*=1 forallk ~ Why this iniﬁalizaﬁ?k\ _J
Vg2, Ot Pl

* |terate:fort=T-1, ..., 1 [755{0 o, —7)J oL
Bf = D> _p(Si1=1ilSi = k)p(Or11]Sit1 = ZZ@;& for all k

* Termination: p(S; =k, {O,};_ 1 OL /7
£Sf =[¢ & - - @

St — k {Ot} Oékﬁ
St — L Ot T (= 1 t Mt
p( [10t}i=1) ({07 / S~ i 5




Backward Algorithm

Can compute B.* for all k, t using dynamic programming:

* Initialize: B;k=1 forallk  Why this initialization?

/ % ’@ l — [ -
 |lterate:font=T-1,.
p(St+1 = 1|5t = k)p Ot+1i1—’fOf'a'H‘|¢ —

* Termination: p(St = k, {Ot};trzl) - O‘fﬁ

p(S: = b {ONT.,) kgt

p(St — k|{0t}?:l) — p({Ot}f_l) - — N, Oz% %

18




Most Likely State vs. Most Likely Sequence
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Most Likely State vs. Most Likely Sequence

J Most likely state assignment at timet ——
arg mkaxp(St = k|{O;}]_,) = arg max o B)
R

E.g. Which die was most likely used by the casino in the third roll given the
observed sequence?
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Most Likely State vs. Most Likely Sequence

J Most likely state assignment at time t
- .
N
S, = K{O}T_1) = argmax o} B}

E.g. Which die was most likely used by the casino in the third roll given the
observed sequence?

o»

J Most likely assignment of state seqt

70 T T
g max RSO0 T

T e

19



Most Likely State vs. Most Likely Sequence

J Most likely state assighment at time t

arg mkaxp(St = k|{0t}?=1) — arg max Qg 515

E.g. Which die was most likely used by the casino in the third roll given the
observed sequence?

J Most likely assignment of state sequence

arg max. p({St}i=1{O¢}i=1)

¢ cmnt C L7 WW‘ K
7
Are the solutions the same? “/ZQ ¢ T g aar sty oo f
g | VOO 52 5 1 LR U (e )0, )G 7] fug

T 5



Decoding Problem 2
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Decoding Problem 2

* Given HMM parameters p(S;), p(S;|S;—1), p(O;]S;) & observation
sequence {O,}]_,

find most likely assighment of state sequence

arg Imnax P({St}f:1‘{0t}?:1) — alg Ia ({St}?:la{Ot}?:l
{St}?zl {St}t 1
\_—.
N———

20
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Decoding Problem 2

* Given HMM parameters p(S;), p(S;|S;—1), p(O;]S;) & observation
sequence {O,}]_,

find most likely assighment of state sequence

arg {gn?;( P({St};f:l‘{at}?:l) — alg {gnfdf P({St}thla {Ot}le)

= arg max {én}a:gc_l p(St =k, {S:}{1" . {O:}/21)

\—'—I
Ve

Compute recursively

20



Decoding Problem 2

* Given HMM parameters p(S;), p(S;|S;—1), p(O;]S;) & observation
seguence {ot}le

find most likely assignment of state sequence

afg{m]‘flx p({St}i=11{O+}i=1) —afg{m?X p({St}i—1,{Ot}1—1)

p— argmax IMax p(ST — k {St t—= 1 7{Ot}t 1)
k {St}f 11

\—'—I
Ve

Compute recursively

VK _ probability of most likely sequence of states ending at
state S; =k

20



Viterbi Decoding
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Viterbi Decoding

ax p({St}izy, {Or}iz) = maxVy

21



Viterbi Decoding

(ax p({Si}izy, {Othimy) = maxVp

Compute probability V't‘ recursively over t

@Z < magc p(St:k,Sl,...,St_l,Ol,...,Ot)

T T ‘——/_\——\_’.\

Bayes rule

Markov assumption

= p(O]St = k) m?“Xp(St = k|Si—1 =)V,

21



Viterbi Algorithm

22



* Initialize: | V,*=p(0,]|S,=k)p(S,; =k) for all k

Viterbi Algoritk / \\
 lterate:fort=2,.. T

Can compute VX for all k, t using dynamic programming: Y ’
\
\\‘\
< ee————————

vE = p(Oy]S; = k) maxp(S; = k|S,_; =)V,  forallk

= S
(—_-___,

 Termination: {max p({S L, , {0} _,) =mg><V:/f
ST

t=1

\/ o

e —

/

22



Viterbi Algorithm

Can compute VX for all k, t using dynamic programming:
* Initialize:  V,*=p(0,]|S,=k)p(S,; = k) for all k

 |terate:fort=2,.. T

VE = p(O4S; = k) maxp(S; = k|S,_y =i)V; ,  forallk

max p({Sthimy {Othimy) = max Vy

St = arg max Vo

S;_1 = arg m?XP(S:‘St—l = i)‘/;ti—l

22



Viterbi Algorithm

Can compute VX for all k, t using dynamic programming:
* Initialize:  V,*=p(0,]|S,=k)p(S,; = k) for all k

 |terate:fort=2,.. T

VE = p(O4S; = k) maxp(S; = k|S,_y =i)V; ,  forallk

* Termination: {m?x p({S:}{—1,{0:}i_1) =m,§><Vz'f
St ?:1

Traceback: S* = arg max Vi Can we do in the

& | backward direction?
Si_1 = arg m;dXP(Sf\St—l =)V,

22



Computational Complexity
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Computational Complexity

* What is the running time for Forward, Backward, Viterbi?

kK O )
Q= qktE :O‘t—l Di.k




Start with rando

Learning with EM

itialization of parameters

. O={0}L
Zj O‘gﬁg 1Ot~
_ _Forward-Backward algorithm

24



Learning with EM

e Start with random initialization of parameters

* E-step — Fix parameters, find expected state assighments

i(t) = p(S; =i|0,0 atﬂt- O={0,}"
Yi(t) = p(St = i|0,0) = L {O1}1—;

Forward-Backward algorithm

/%:,Stﬂo )

St 1 — Z|O 6) St — ],Ot, .. OT‘St—l — 2,9)
Ot,.. OT‘St 1 — — 1 9)

vi(t —1) pij ¢ B

24



Learning with EM

e Start with random initialization of parameters

* E-step — Fix parameters, find expected state assighments

'Yz(t) :p(St; :Z‘O,H) — Zj agﬁg OZ{Ot}fZI
Forward-Backward algorithm
&i(t) = p(Si_1= i, S = §|0,0) You will derive the EM
In your HW

_ p(St—l — Z|079)p(st — j? Otv . °7OT‘St—1 — 279)
p(Otw"aOT‘St—l — 279)

vt —1) pij ¢ B
Bi_s

24



If you still remember why we do EM
in the first place...

Up,p,B) = > logp(z®; e, p,%)
1=1

n k
= ) log »  p(a®[z9; u, £)p(z?; ¢).

25



If you still remember why we do EM
in the first place...

n

1. Intractable (no closed-form for the solution)

2;7 fylgx Y

25



If you still remember why we do EM
in the first place...

Up, 1, 8) = > logp(z; ¢, p,%)
1=1

n k
= ) log > p(?]z%;u, L)p(z"; ¢).
1=1

1. Intractable (no closed-form for the solution)
2. Large variance in gradient descent

25



If you still remember why we do EM
in the first place...

Up, 1, 8) = > logp(z; ¢, p,%)
1=1

n k
> log »  p(a@[z9; u, T)p(z1; ¢).
1=1

1. Intractable (no closed-form for the solution)
2. Large variance in gradient descent

Expectation Maximization is to address the MLE optimization problem

25



If you still remember why we do EM

in the first place...

: _ /9 co)
U1, %) = ;logp(w“);cb,u, ») Z} - -

n k
> log »  p(a@[z9; u, T)p(z1; ¢).
1=1

Wait, HMM has closed-form likelihood?
1. Intractable (no closed-form for the solution)

2. Large variance in gradient descent

Expectation Maximization is to address the MLE optimization problem

25



A

1.
2.

Can we do MLE directly for HMM-usi

If you still remember why we do EM
in the first place...

=1

n k
> log Y p(a®]2%; p, T)p(2"; ¢).
1=1

—

& ait, HMM has closed-form likelihoodi
Intractable (no closed-form tor i R

Large variance in gradient descent

YW MUIL Yy

e ———— R —

\y

\_—
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Thank You!
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