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Announcement

Lecture videos till next week will be released considering the Lunar New Year



Example Distributions

Distribution PDF or PMF Mean | Variance
. D, if x=1 B
Bernoulli( p) 1—p ifx=0. p p(l— p)
Binomial(n, p) (Z)pk(l —p)" K for k=0,1,....n np | np(1— p)
- — \k—1 _ 1 1—p
Geometric(p) pg k p)<— for k=1,2,... p =
Poisson(\) e A for k=0,1,... A A
] 2
Uniform(a,b) | = for all x € (a, b) a+b b_2)
X— [ 2
Gaussian(u, o2) - 127Te 277 for all x ¢ (—o0,0) | W 02
Exponential(\) | Ae= for all x > 0,\ >0 % %




Joint and Marginal Distributions



Joint and Marginal Distributions

e Joint PMF for discrete RV's X, Y:

m(X = X, Y@

-

Note that ZxEVaI(X) ZyEVaI(Y) PXY(X,y) =1
e




Joint and@ina Distributions

e Joint PMF for discrete RV's X, Y:

pr(x,y):P(X:x,Y:y)

Note that ZxEVaI(X) ZyEVaI(Y) PXY(X,Y) =1

@ Marginal PMF of X, given joint PMF of X, Y
—~————
px(x) @ pxy (X, y)
| N y

W/C%,;) P ox) Pcv//




Joint and Marginal Distributions

e Joint PDF for continuous RV's Xi, ..., X;: /

- 1

0"F(x1,...Xp)
f ey Xp) =
6 Xn) 0x10X...0Xp,

Note that le sz an f(x1,y ..., Xp)dx1...dx, = 1
e Marginal PDF of Xj, given joint PDF of Xi, ..., X;:

fX1(X1):/ / f(Xl,...,Xn)dXQ...an
X2 Xn

\



Expectation for multiple random variables



Expectation for multiple random variables

Given two RV's X, Y and a function g : R> = R of X, Y,

e for discrete X, Y:
= S
x€Val(x) yeVal(y)

— _ -




Expectation for multiple random variables

Given two RV's X, Y and a function g : R> = R of X, Y,
@ for discrete X, Y:

(X, = > D glxy)pxy(xy)

x€eVal(x) yeVal(y)

@ for continuous X, Y:

Elg(X, Y)] = /_OO /_OO g(x,y)fxy(x,y)dxdy



Covariance  ;[/x—fc.) ]

Intuitively: measures how much one RV's value tends to move with another RV's value. For

RV's X.Y:

Cov[X, Y] :=E[(X — E[X])(Y —
1[XY] — E[X]|E




Covariance

Intuitively: measures how much one RV's value tends to move with another RV's value. For
RV's X, Y:

Cov[X, Y] := E[(X — E[X])(Y — E[Y])] X I T

= E[XY] = E[X]E[Y] /‘
_— —_—
o/If Cov[X,Y] <D0, thenzamdﬁarenegatively correlatgd

If Cov[X,Y] >0, then X and Y are positively correlated
If Cov[X,Y] =0, then X and Y are uncorrelated




Variance of two variables

Var[X + Y| = Var|X] + Var|Y] + 2Cov|X, Y]



Conditional distributions for RVs

jyr‘nf

Works the same way with RV's as with events:
@ For discrete X, Y:

@ For continuous X, Y:

@ In general, for continuous Xi, ..., X;:

fX1|X2,...,Xn (X]-‘X27 cee Xn) —



MRule for RVs fc/) Pexl /)

Also works the same way for RV's as with events: /V[Z/ /() - — ==

e For discrete X, Y:

px|y(x|y)py(y)

M N Zy’EVaI(Y) PX|Y(X|y,)PY
e For continuous X, Y: Féﬁ/‘/ %/ Fé)(;)//
oi(yIx) = fxy (x|y)fy (y)
s J =0 Exiv (XIy" )y (y')dy” =5 ([
= ey c;c[)y
P 2>

cXlt/

10



Random Vectors

11



Random Vectors

Given n RV's Xi, ..., X,, we can define a random vector X s.t.

11



Random Vectors

Given n RV's Xi, ..., X,, we can define a random vector X s.t.

Given g : R" — R™, we have:

g(x)

11

<
44

~

4

4

V]

[g1(X)]
[g2(X)]

‘[gn;(X )|



Covariance Matrices

12



Covariance Matrices

For a random vector X € R", we define its covariance matrix X as the n X n matrix whose
ij-th entry contains the covariance between X; and X;.

12



Covariance Matrices
.

au
For a random vector @ we define its covariance matrix X as the n X n matrix whose
ij-th entry contains thecovariance between X; and X;.

Cov[X1,X1] ... Cov[Xi,Xa] \/wm
@[ O

Cov[Xn, X1] ... Cov[Xp, Xa]

12



Covariance Matrices

For a random vector X € R", we define its covariance matrix X as the n X n matrix whose \

ij-th entry contains the covariance between X; and X;.

),V%J _ OL\M -COV[):Q, X1]

&//LS 2% _Cov[)-(,,, Xil

applying linearity of expectation and the fact that Cov|[Xj, X;| = E[(Xi — E[Xi])(X;

_/-77 s 7\

<
3
g
( \J

Cov[>5<1,x,,]' X/X 4 (_V
Cov[Xn, Xn] XX — I(@[cw,

obtain

N




Covariance Matrices

For a random vector X € R", we define its covariance matrix X as the n X n matrix whose

ij-th entry contains the covariance between X; and X;.

-COV[Xl,Xl] o COV[Xl,

Xn|

Cov[Xn, X1] ... Cov[Xp, Xa]

applying linearity of expectation and the fact that Cov|[Xj, Xj| =
obtain

= E[(X -E[X])(X -E
Propertles

e @@; AT 70

o If X, \ ; for all i, /, then X = diag Var[Xl] ., Var[X,])

“:[(X,' — K

12

5[XG1)], we



Multivariate Gaussian

The multivariate Gaussian X ~ N (u, X RA:




Multivariate Gaussian

The multivariate Gaussian X ~ N (u,X), X € R™

| |
; ) Z — 1 n A o TZ—]' o )
p(x; p, X) det() 5 (2m)? exp( 5(x — 1) (x — p)
Gaussian when n=1. // —
N 1
Pt o) -U(ZW)% o ( 20° = #) )

otice that if ¥ € R1*1 then ¥ = Var[ X1 = 72_and s¢

y 1 — 01—2 and det(Z)% =0 v

13




MV Gaussian Visualization

14



MV Gaussian Visualization

10 0.2
2= 0 1
u=[0 0]
/___'\

0.7 0
2= "0 07
u=[0 0]
/\

15 0
=9 15
p=[0 0]

Effect of changing varianceNX> __—

14



MV Gaussian Visualization

2
: T
0
-1
-2
-2 0 2
x1

A

X2

X2

2
1
0
1
2

X2
N - O = N
)

Effect of changing variance

14



MV Gaussian Visualization

If Var[Xl] 75 Var[Xz]:

15



MV Gaussian Visualization

If X1 and X5 are positively correlated:

16



MV Gaussian Visualization

N
o
N

_ 1 -0.5
2= 05 i
p=[0 0]

x
N
o
N
ro
o
n

X1 - X1

If X1 and X, are negatively correlated:

17



The purpose of computation is
insight, not numbers.
- Richard Hamming

18



C N

The purpose of computation is
insight, not numbers. oty WM[W

- Richard Hamming T

—l

https://www.youtube.com/@3bluelbrown/courses

Linear combinations, span, and basis vectors | Chapter 2, Essénce of linear algebra

Linear Linear transformations and matrices | Chapter 3, Essence of linear algebra
transformations

B eEE——

10:59

3iue1Brown ¢

@3blue1brown - 5.88M subscribers - 172 videos

Matrix Matrix multiplication as composition | Chapter 4, Essence of linear algebra
multiplication
P —>

z 5

My name is Grant Sanderson. Videos here cover a variety of topics in math, or adjacent fiel.. >

10:04 3blue1brown.com and 7 more links

3D Three-dimensional linear transformations | Chapter 5, Essence of linear algebra
transformations

S

Q Subscribed v

4:46

Dl tsinesinsr:heinmem | he determinant | Chapter 6, Essence of linear algebra

Inverse matrices, column space and null space | Chapter 7, Essence of linear algebra

Inverse matrices

 d

18
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Supervised Learning:
Regression

19



Supervised Learning

A hypothesis or a prediction function is function ﬁ—)E

20



Supervised Learning

A hypothesis or a prediction function is function h: A — )

4.0
: L @0%97
&5 x\ 15th sample

(x(15)’y(15))

20



Supervised Learning

@ A hypothesis or a prediction function is function h: X — )

3.5 1 X

3.0 ' X X

2.5 - X
.g 2.0 - * X\
8« « % 15th sample

X xX
(x(15)’y(15))

1.0 - X
)4 X

0 500 $1000 1500 2000 2500 3000
square feet

x = 800
y =7

20



Supervised Learning

@ A hypothesis or a prediction function is function h: X — )

3.5 1 X

3.0 ' X X

2.5 - X
.g 2.0 - * X\
8« « % 15th sample

X xX
(x(15)’y(15))

1.0 - X
)4 X

0 500 $1000 1500 2000 2500 3000
square feet

x = 800
y =7

20



Supervised Learning

A hypothesis or a prediction function is function h : X — Y

21



Supervised Learning

A hypothesis or a prediction function is function h : X — Y

raining set is set of pairs {(xV),y), ..., (x{",y(M)]
s.t. xU) € X and y(i) Eyfori% 1,...,n.

21



Supervised Learning

A hypothesis or a prediction function is function h : X — Y

A training set is set of pairs {(xV),y()), ..., (x(" y")}
s.t. xU) € X and y(i) c ) for i - 1,...,n.

Given a training set our goal is to produce a good prediction function A

21



Supervised Learning
A hypothesis or a prediction function is function h : X — Y

A training set is set of pairs {(xV),y()), ..., (x(" y")}
s.t. xU) € X and y(i) c ) for i - 1,....n.

Given a training set our goal is to produce a good prediction function A

If ) is continuous, then called a regression problem

7
If ) is discrete, then called a classification problemﬁ%

21



Supervised Learning

How to define “good” for a prediction function?
- Metrics / performance

Q/____ﬁ_/"/
~ @Good on unseen dataC/

Validation dataset is another set of pairs {(A(l), A(l)), v, ()AC(m), A(m))}

< oes not overlap with training dataset

22



Supervised Learning

How to define “good” for a prediction function? J s
g5
= Metrics / performance

VW@\ UNECen ot
s

Validaticl}j/at}ens another set of pairs { (2", §V), ..., (R0, $(™)}

—_——

Does not overlap with training dataset

(Muz[al‘?
Test dataset is another set of pairs { (", 31, ..., G, 7))

Does not overlap with training and validation dataset

22



Supervised Learning

How to define “good” for a prediction function?

~ Metrics / performance //
~ Good on unse@ [ ¢ Aofovm

Sl

Y

- N
(Valldatlon datas \ other set of pairs {(x(l) A(l)), ‘oo ()Ac(m), A(m))}

e i

Does not overlap with training dataset

QQ@\/@LLT e,

7L\T/est dataset@;b\er set of pairs { (XD, 31, ..., &P, 3Dy}
J e

Does not overlap with training and validation dataset

W@L W plébfa Completely unseen before deploymeé

— L . S
Realistic setting

22







Supervised Learning

How to define “good” for a prediction function?
~ Metrics / performance
~ Good on unseen data

Validation dataset is another set of pairs {(A(l), A(l)), v, (JAC(m), A(m))}

Does not overlap with training dataset

Test dataset is another set of pairs { (", 31, ..., G, D))

Does not overlap with training and validation dataset
' Completely unseen before deployment

Realistic setting /wa/w‘/'

Hyperparameter tuning is a form of training > et (o5ss v
% ) g
L 2 T e




(- norbed buinig

\'{7‘
’Q.f
e

kmeans

A

X X >
N

4 V) X

2. den't  cave ohout yms@en Dorbn

A & heey, |
WQL\ v f /’ e;(}
L folve = p

i\

Kmouu ¢ \,‘ﬂ'




Validation

Not only for supervised learning

23



Example: Regression using Housing Data

v Example from Stanford CS229



E

ple Housing Data

SalePric ’/;t.Area

4 189900 13830
5 195500 9978
189000 7500

10 17590 10000 0000 -

12 18040 8402 el

250000 -

7500

12858 200000 -

8000 10000 12000 14000

13650 5

7851

185088 8577

25




Represent /1 as a Linear Function

a-w[ N8
A {

h(x) f1x1 is an affine function

Popular choice /L@C) - OiX f@},
R

<

26



Represent /1 as a Linear Function

e —

@ 9@ an affine function
opular choice
7 ety

The function is defined by parameters ¢, and 0, the function space is

greatly reduced - =
T

/

26



Simple Line Fit

350000

300000

250000
8o

=
200000 ®
ré® o -
T T T
8000 10000 12000 14000
lot

27



More Features

Price
x(1) 2104 45k y() | 400
x(2) | 2500 30k y(2) | 900

28

——7
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More Features

size bedrooms lot size Price
x(1) | 2104 4 45k y) | 400
x(2) | 2500 3 30k y(@ | 900

What's a prediction here?

h(X) = 0y + O01x7) + 020+ O3x3.

28



More Features

size bedrooms lot size Price
x(1) | 2104 4 45k  y(1) | 400
x(2) | 2500 3 30k y(@ | 900

What's a prediction here?

h(X) = 0y + O1x1 + Orx0 + O3x3.

With the convention that xg = 1 we can write:

3
h(x) = Z 0 x;
J=0

28



Vector Notations

29



Vector Notations

size bedrooms lot size Price
x) 12104 4 45k y) 1400
x(2) | 2500 3 30k y® | 900

We write the vectors as (important notation)

0o
= 0.
03

X0
2 (1)

and x(/l) — |
X(l)

2
D

29

1
— 21404 and y(!) = 400
45



Vector Notations

size bedrooms lot size Price
x) 12104 4 45k yD | 400
x(2) | 2500 3 30k y® | 900

We write the vectors as (important notation)

(1)

to (1) 1

0 = 01 and x1) = Xl(l) _ | +104 and y'1) = 400
92 X2 4
03 (1)

AT th@t/or the fe@ and the
). Yo be ¢

(x,y) is a training ex‘a_m/ple\and y)) is the it example.

\——;/\A-/\—-ﬂ.
FM/

29



Vector Notations

size bedrooms lot size Price
x) 12104 4 45k yD | 400
x(2) | 2500 3 30k y® | 900

We write the vectors as (important notation)

(1)

) o) (o
v X 2104
0 = 9; and x\1) = %1) =1 4 and y1) = 400
0 X§1) 45
We call 6 parameters, x{/) is the input or the features, and the @
output or target is y{). To be clear, /0~

(x,y) is a training example and (x{7), y{)) is the it example./ 24 b
0 /

We have n examples. There are d features. x%Y and @ are d+1 dimensional (since x5 = 1)
/'\’_;9 — —




Vector Notation of Prediction

350000 -

300000 -

250000 -

200000 -

30



Vector Notation of Prediction

350000 -

300000 -

250000 -

200000 -

-
We want to choose @ so that| /,(x) @

30



Loss Function

350000 -

300000 -

250000 A

200000 -

8000 10000 12000 14000
lot

T
g We want to choose 0 so that /,(x

How to quantify the deviation of /i,(x) fromy

?4/Lf?1§y'[c/

31



Least Squares

350000 -

@
o
&
300000 -
250000 +
200000 -
i @
® o ®

8000 10000 12000 14000

d
1
_ _ T
hy(x) = ZHJ-xj—x v, J(0) = 5
J=0 o
-
— v

32



Least Squares

350000 -

300000 -

250000 A

200000 -

d
hy(x) = Z Q,-xj =x'6
j=0

Choose

G
® o o

8000 10000 12000 14000
lot

J(0) = % i (he(X(i)) = y(i)>2

< =1

§ = argmin J(6).
0

L

—
32

)




Solving Least Square Problem

Direct Minimization ?7
d /,, .
1 . .
— — I l i
hy(x) = . Hjxj =x0 J(0) = 5 Z (he(ji_)) _£)>
]=O =1
Choose
§ = argmin J(0).
A do

/ /

do

33



X'X6=X"y

Solving Least S

(906

DO — N DN =D =

Problem

Vo3 (X0~ §)7(X0 ~ )
Vo ((X0)"X60 — (X0)"5 — i (X6) + §"5)
Vo (07(XTX)0 — §7(X0) — i (X0))

Vo (67(XTX)0 — 2(XT§)70)

(2X"' X0 —2X"7)

XTX0—XTij )

QX7
/g — (XTX)"'X7j

I

—




Solving Least Square Problem

1 _, _,
V95(X9 — )" (X0 —79)

Vo ((X0)"X60 — (X0)"5 — i (X6) + §"5)

VoJ ()

Vo (0"(XTX)0 — ¢ (X0) — §"(X0))

Vo (07 (XTX)0 —2(X"9)"6)

N DN N =N -

(2X"' X6 —2X" )
= X'X60-X"y

\‘\/ r -
Normal equations XTXQ — XTg 0 = (XTX)‘lXTg’.
(N ~—

34

-




Yirn|L C&C? f e O Yom|C C%;J yomfex) ) — Ve [ 5&

— / — Solving Least Square Problem
1 i _ necceyry Concita
d;ﬂ_ VoJ(0) = Y95(X9—y) (X0 —17) Yo k@??/ff%
- = -V, (X0)TX0 - (X0)7§ — F (X0 F 77—

J |
n < Vo (GT(XTX)Q . g‘T(XH) . y‘T(XH)) YO‘U/‘{CC%)S MY, C’)

:

S 5
= %Ve (0" (XTX)0 —2(X"9)"0) @/

1

2

ol
?/L‘, ﬁ S f[ >
Normal equations XTXG — XTg’ () :
C  Wheniis X'x iﬁvertible? What if it is not invertible? \

34

1.4 fentered = XTX0— X"y
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Why Least-Square Lo

n

- J(0) = %Z (he(x(')) = y(')>2

ntion?

35



Why Least-Square Loss Function?

Assume

35



Why Least-Square Loss Function?

50) = 23 (o) Y0
=1
Assume

YO = o770 4

X, y: random variable

35



Why Least-Square Loss Function?

J(0) = % an (he(x(i)) — y(")>2

i=1
Assume
(Z) — 01y () + 6(@)

. €: devi?an_auuejdiction from the
X, y: random variable . .
truth, Gaussian random vanable)

Q

35



Why Least-Square Loss Function?

n

J(0) = 5 3" (ha(xD) — y0)°

i=1
Assume
y(i) — ot x(i) + E(i)

¢: deviation of prediction from the

X, yV: random variable , ,
> truth, Gaussian random variable

x, y(i): observations, or the data
/ o -

35



Why Least-Square Loss Function?

J(0) = % Zn: (he(x(i)) — y("))z

=1
Assume
y(i) — ot x(i) + 6(i)

¢: deviation of prediction from the

X, yV: random variable , ,
> truth, Gaussian random variable

x, y(i): observations, or the data

e'": the actual prediction error of the i, example, sampled from the
Gaussian distribution, IID (independently and identically distributed)

35



Why Least-Square Loss Function?

36



Why Least-Square Loss Function?

(9)?
2o exp 20 2

36



Why Least-Square Loss Function?

p(e?) = \/2170 exp( (62(:32) /

(1) — 9T ,(1))2
plule30) = o exp (- T
V2o 20°

36



Why Least-Square Loss Function?

() =~ (-5 T)

A 1 y&) — 9T £(9))2
p(y?|z"?;6) = exp (—( )

202




Why Least-Square Loss Function?

p(e?) = \/2170 exp( (62(:32)

A 1 y&) — 9T £(9))2
p(y?|z"?;6) = exp (—( )

p(y]X;0)

Function of @




Why Least-Square Loss Function?

37



Why Least-Square Loss Function?

n

L) = |[p@®|z9;06)

1=1

n oy ( () — T2
Ny -
V2o 207 )

1=1

37



Why Least-Square Loss Function?

n

L) = ][p@? |29;06)
1=1
_ ﬁ 1 exp( (y“)—9Tw“))2) Likelihood Function
T\ 2mo 207 -

QWS'TQM

37



Why Least-Square Loss Function?

L(0)

[[p(® | 2;06)
1=1

ﬁ 1 exp( (y@)—eTa:(i))z) Likelihood Function
Pl 21O

207

What is a reasonable guess of 67

— - o

37



Why Least-Square Loss Function?

L) = |[p@®|z9;06)
1=1
B ﬁ 1 (y@ — 6T z())? Likelihood Function
= exp
T V2no 202
\ / -

What is a reasonable guess of 67

Maximize the probability of Y's happening!

MJWX L(/@> MJMW @ [/%
v = f—=—




Maximum Likelihood Estimation (MLE)

/(6) log L(6)

ny () — 6T )2
]
06 E 270 D ( 202

n 1 (y® — g7 ()2
Z log o exp ( 53 )

o/
n log 277 02 2 (v — 67z (0)6 )
J le agt G
£ ongtent

_—
K/é-

38



Why MLE?

h
—~~

D
~—

|

[[p(® | 2;06)
1=1

ﬁ 1 exp( (y(ﬂ—e%(i))?) Likelihood Function
Pl 21O

207

What is a reasonable guess of 67

Maximize the probability of Y’s happening?

39



Why MLE?

C~
—~~

D
~—

|

[[p(® | 2;06)
1=1

ﬁ 1 exp( (y<i>—9Ta:(i))2> Likelihood Function
P 27O

207

What is a reasonable guess of 67

Maximize the probability of Y’s happening?

Maximizing likelihood estimation -> 0

39



Why MLE?

C~
—~~

D
~—

|

[[p(® | 2;06)
1=1

ﬁ 1 exp( (y<i>—9Ta:(i))2> Likelihood Function
P 27O

207

What is a reasonable guess of 67

Maximize the probability of Y’s happening?

/éjVjaximizing likelihood estimation ->D

Ground-truth &%

Nn—> O° é{%ﬁ#

39



Another Solution — Gradient Descent

&
350000 -
° &

300000 -
250000 -

e
200000142 @ .

8000 10000 12000 14000

lot
d n
o)=Y Ox =x'0 IO = 2N (a0 - @)
0 — TN T ( ) — EE 69()< ) — Y

Choose
0 = argmin J(0).
)

R
— —
40




Gradient Descent

J(0) = % En: (he(x(')) — y('))2

=1

41



) o Gradient Descent

GtY]
/Q J(0) = % En: (he(x(')) — y('))2

=1




Gradient Descent

J(6) % i (he(x(')) - y(’))2

=1

0

9]' :=9j—oz89j

J(0)

v

41



Gradient Descent

J(6) % i (he(x(')) - y(’))2

=1

0

9]' :=9j—oz89j

J(0)

41



Gradient Descent

41



Gradient Descent

5(8) = 23 (ho(x) -y

=1

0
09,

J(0)

Oj 2203'—0[

/

{he direction of th
steepest decreasgof//

41



Gradient Descent

J(0) = % i (he(x(')) — y(’))2

Learning Rate —
| =

0
09,

J(0)

Oj ::Hj—oz

The direction of the
steepest decrease of J

41



Gradient Descent

1 — . 2
_ (y — ()
Learning Rate 7 J(0) 2 Z (hg(X ) Y )

=1

This update is simultaneously }
performed for all values of j =0,...,d.
< I"

The direction of the
steepest decrease of J

41



Gradient Descent

For a single training example:

9, 0 1 2

570 = 555 (@) =)
= 25 (ha(o) ~1) - 5-(le) ~ v
= (he(z) — y) 8%] (291‘ —y)

n
=
SN
&

|
"

S

S

42



Gradient Descent

For a single training example:

9,
5_9]}](9) =

LMS (Least Mean Square) Update Rule

42



Batch Gradient Descent

For a multiple training examples:

0, =06, + Z (y(i) _ ho(x(i))) xgz')
i=1

Repeat until convergence
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Local Minimum
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Local Minimum

For least square optimization, are we likely to get local minima rather
than the global minima through gradient descent?
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J is a convex quadratic function

There is only one local minima for J
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Convex Function

fltz + (1 —t)y) <tf(z) + (1 —-)f(y) for 0<t <1

(v, f())
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Thank You!
Q& A
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