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Recap:	Kernel	Trick

4

Compute	 for	all	K(ϕ(x(i)), ϕ(x( j))) = < ϕ(x(i)), ϕ(x( j)) > i, j

Loop

Recall	that	 	is	the	
number	of	data	samples

n

The	Kernel	funcLon	is	all	we	need	for	training	and	inference!

Inference:⑳
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Explicit	Feature	Map:	first	define	feature	map	 ,	then	compute	
the	Kernel	according	to	

ϕ(x)
ϕ(x)

Recap:	Implicit	Feature	Map

Implicit	Feature	Map:	first	define	the	Kernel	FuncLon	K(),	without	
knowing	what	the	feature	map	is
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Recap:	Implicit	Feature	Map	(Example)

6

What	is	the	feature	map	to	make	K	a	valid	kernel	funcLon?	

Requires	O(d^2)	compute	
for	feature	mapping

Requires	O(d)	compute	for	
Kernel	funcLon
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What	Makes	a	Valid	Kernel	
FuncFon:	Necessary	CondiFon
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Kernel	Matrix	Kij = K(x(i), x( j)) = ϕ(x(i))Tϕ(x( j))

What	Makes	a	Valid	Kernel	
FuncFon:	Necessary	CondiFon
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Kernel	Matrix	Kij = K(x(i), x( j)) = ϕ(x(i))Tϕ(x( j))

What	Makes	a	Valid	Kernel	
FuncFon:	Necessary	CondiFon

	is	symmetricK

	is	posiLve	semidefiniteK

kj = 0i P(xis
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What	Makes	a	Valid	Kernel	FuncFon:	
Necessary	and	Sufficient	CondiFon
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Recap:	ApplicaFon	of	Kernel	Methods
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In	generalized	linear	models	(which	we	have	shown)

Recap:	ApplicaFon	of	Kernel	Methods

In	support	vector	machines	(which	we	will	show	next)

Any	learning	algorithm	that	you	can	write	in	terms	of	only	<x,	z>

Just	replace	<x,	z>	with	K(x,	z),	you	magically	transform	the	algorithm	
to	work	efficiently	in	the	implicit	high	dimensional	feature	spaceO



Support	Vector	Machines
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Confidence	in	LogisFc	Regression
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p(y) = 1
1 + e∈βTx
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New	NotaFons
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Consider	a	binary	classificaLon	problem,	with	the	input	feature	 	and	
	(instead	of	 ),	the	classifier	is:

x
y ∈ {−1,1} {0,1}
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Geometric	Margin
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What	is	the	geometric	margin?
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Geometric	Margin

15



Geometric	Margin

15

-



Geometric	Margin

15

: X(i) 11-e'll

&F--
Awith =0 D

- ↑



Geometric	Margin

15



Geometric	Margin

15

Generally

-

[-
-T



Geometric	Margin

15

Generally

yo" ,wix 4) +1)

Trum
S O

= ↑0 ~↑ y = [ -1 17

- =OOw b⑳ 90 . 17
Iwil --
-
--

- -S



Geometric	Margin
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Given	a	training	set	S = {(x(i), y(i)); i = 1,...,n}
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FuncFonal	Margin
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Given	a	training	example	(x(i), y(i)) (i)
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FuncFonal	Margin
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Given	a	training	example	(x(i), y(i))

Given	a	training	set	S = {(x(i), y(i)); i = 1,...,n}

FuncLonal	margin	changes	when	rescaling	parameters,	making	it	a	
bad	objecLve,	e.g.	when	w->2w,	b->2b,	the	funcLonal	margin	
changes	while	the	separaLng	plane	does	not	really	change
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The	OpFmizaFon	Problem
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The	OpFmizaFon	Problem
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maxw,b

Infinite	soluLons,	as	 	can	be	at	any	scale	without	
changing	the	classifier	

∈β
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The	OpFmizaFon	Problem
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maxw,b

||w||	is	not	easy	to	deal	with,	non-convex	objecLve

Infinite	soluLons,	as	 	can	be	at	any	scale	without	
changing	the	classifier	
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The	OpFmizaFon	Problem
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Add	constraint	 ∈β = 1
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The	OpFmizaFon	Problem
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Add	constraint	 ∈β = 1
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The	OpFmizaFon	Problem
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Add	constraint	 ∈β = 1

AssumpLon:	the	training	dataset	is	linearly	separable
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Lagrange	Duality	—	Lagrange	MulFplier
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Lagrange	Duality	—	Lagrange	MulFplier

20

M

9 E

p⑳-E



Lagrange	Duality	—	Lagrange	MulFplier
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Lagrange	MulFplier:	Example
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<latexit sha1_base64="vcQvJ/5abWsSDgHRWKmilTkYPps="></latexit>

min
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s.t. x2 + y2 = 136·



Generalized	Lagrangian
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Generalized	Lagrangian
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Primal	opLmizaLon	problem

Generalized	Lagrangian
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Generalized	Lagrangian
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Generalized	Lagrangian
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Generalized	Lagrangian
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Consider	this	opLmizaLon	problem
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Generalized	Lagrangian
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Consider	this	opLmizaLon	problem

It	has	exactly	the	same	soluLon	as	our	original	problem
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Generalized	Lagrangian
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Consider	this	opLmizaLon	problem

It	has	exactly	the	same	soluLon	as	our	original	problem
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The	Dual	Problem	in	OpFmizaFon
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In	opLmizaLon,	someLmes	the	primal	opLmizaLon	is	hard	to	
solve,	then	we	may	find	a	related	alternaLve	opLmizaLon	
problem	that	can	be	solved	more	easily,	to	solve	the	orignal	
problem	in	an	indirect	way
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The	dual	opLmizaLon	problem



The	Dual	Problem
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The	dual	opLmizaLon	problem

The	primal	opLmizaLon	problem
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Denote	the	soluLon	to	the	primal	problem	as	 ,	the	soluLon	to	
the	dual	problem	as	 ,	then	zero	duality	gap	is	sufficient	
and	necessary	(i.e.	equivalent)	to	saLsfy	KKT	CondiLons:

w*
θ*, ϕ*
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and	necessary	(i.e.	equivalent)	to	saLsfy	KKT	CondiLons:
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Normal	Lagrange	
mulLplier	equaLons

The	original	constraints
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KKT	CondiFons

28

If	 ,	then	

,	the	inequality	
is	actually	equality

θ*i > 0
gi(w*) = 0

Denote	the	soluLon	to	the	primal	problem	as	 ,	the	soluLon	to	
the	dual	problem	as	 ,	then	zero	duality	gap	is	sufficient	
and	necessary	(i.e.	equivalent)	to	saLsfy	KKT	CondiLons:

w*
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SupporFng	Vectors
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Only	the	3	points	have	non-zero	 ,	and	
they	are	called	supporLng	vectors

θi
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The	dual	opLmizaLon	problem
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The	Dual	Problem	of	SVM
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Ajer	solving	 	(with	standard	quadraLc	opLmizaLon	algorithms)θ

Kernel	is	all	we	need!

From	KKT	CondiLons From	the	original	constraints
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Problem	
rewriLng

Not	suitable	for	non-linear	
cases	(high-dim	feature	map)

Finding	a	related	
opLmizaLon	problem	
that	is	easierMaximize	

geometric	
margin

QuadraLc	
OpLmizaLon	
Problem

Dual	
opLmizaLon	
problem

Kernel	makes	it	very	flexible	in	
non-linear	cases!



The	Non-Separable	Case
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Linearly	Separable Linearly	Non-Separable



The	Non-Separable	Case
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Primal	opt	problem:

Dual	opt	problem



Thank	You!	
Q	&	A
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