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Recap: Kernel Trick
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Recap: Kernel Trick

Compute K(qb(x(i)), gb(x(j))) = < qb(x(i)), gb(x(j)) > foralli,j

LOOp /BZ - IBZ § (y(Z) : Z Z E {1 ..... n}
j=1
- —




Recap: Kernel Trick

Compute K(¢p(xV), p(x)) £ < p(x?), p(xV) > for a@

Loop ﬁz L= ,BZ ( () _ Zﬁ] (Z) (J) )\ Vi € {1, - ,n}

Recall that 7 is the
number of data samples




Recap: Kernel Trick
Compute K(qb(x(i)), gb(x(j))) = < qb(x(i)), gb(x(j)) > foralli,j

Loop ﬁz = ﬁz ( 4 Zﬁj (Z) (J) ) Vi € {1, . ,n}

Recall that 7 is the
number of data samples

Inference: Z Bid( (Z) Z B.K (z)




Recap: Kernel Trick

Compute K(gb(x(i)), gb(x(j))) = < qb(x(i)), ¢(x(j)) > foralli,j

Loop 57, = ,Bz Y (y(Z) o Z/BJK(x(Z)v x(]))) Vi € {1, . ,n}
=1

Recall that n is the
nference: (75(x) 4 fio(a®) o(a))
1=1

number of data samples
The Kernel function is all we need for training and inference!

A



Recap: Implicit Feature Map

Explicit Feature Map: first define feature map ¢(x), then compute
the Kernel according to ¢(x)

Implicit Feature Map: first define the Kernel Function K(), without
knowing what the feature map is



Recap: Implicit Feature Map (Example)

K(x,2) = (z' 2)* r,z € R
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Recap: Implicit Feature Map (Example)
/7 Cﬁ &/4/ fb()ﬁo/

6@ z, 2 € R?

What is the feature map to make K a valid kernel function?

() (£

Z 2 LiL ;22

1=1 j7=1
d

> (ziw;)(zi2))

2,7=1

/

K(x, z)




Recap: Implicit Feature Map (Example)

K(x,2) = (z' 2)* r,z € R
What is the feature map to make K a valid kernel function?

(3e) ()

d d
Y
2 2 Lid j<i%;

i=1 j=1

d

> (ziw;)(zi2))

1,7=1




Recap: Implicit Feature Map (Example)

K(z,z) = (z' 2)° U[d()

d d ) ?&Ky ?C%) — (X i)

Requires O(d”*2) compute
Lsz:E]zzzj

1=1 j7=1

> (zir))(ziz)

2,7=1




Recap: Implicit Feature Map (Example)

K(x,2) = (z' 2)* r,z € R
What is the feature map to make K a valid kernel function?

K(x, z)

d d | L1d1 )
(Z“) (Zf’/’ﬂj) 172 1 Requires O(d”2) compute
i=1 j=1

L1L3 :
vz, | for feature mapping

d d
Z Z LiXjRiRj ¢($) — L2L2

i=1 j=1 L2d3
d zsz; | Requires O(d) compute for

Z(“"i”;j)(zﬂj) L3T2 Kernel function
1,)=1 i XL3L3 _




What Makes a Valid Kernel
Function: Necessary Condition



What Makes a Valid Kernel

Function: Necessary Condition
K(x(i), x(j)) gb(x(i))T¢(x(j))

@ Kernel Matrix K;; =




What Makes a Valid Kernel

Function: Necessary Condition
@ Kernel Matrix K;; = K(xW, xV) = p(x N p(xW)

'
K is symmetric /M }/C C K
S”/(;K (2, %)




What Makes a Valid Kernel

Function: Necessary Condition
Kernel Matrix K;; = K(xW, xV) = p(x N p(xW)

ZTKZ = ZZZZKZJZJ
LLZ‘P NT (292
EL Z¢k £®) i (29)z,

K is symmetric

1V



What Makes a Valid Kernel
Function: Necgssary .Condl.tlon)cpor e,
Kernel Matrix K;; = K(xW, xV) = p(x N p(xW)

prnf
lecx, ) ;[CCZ,X) fz Z sziKijzj
K is symmetric M
o — LL2¢ (J)
EL Z¢k ()¢k (j)
K is positive semidefinite J___/—/
=<\ LLZZW (D) e (29) 2;
2 FE 20 - ﬂ)))
. — > 0. '& S

C - v |







What Makes a Valid Kernel Function:
Necessary and Sufficient Condition

Theorem (Mercer). Let K : R? x R® — R be given. Then for K
to be a valid (Mercer) kernel, it is necessary and sufficient that for any

{2 ... 2™} (n < 00), the corresponding kernel matrix iy’symmetric pos-
itive semi-definite. _
_— /_\
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In support vector machines (which we will show next)



Recap: Application of Kernel Methods

In generalized linear models (which we have shown)

In support vector machines (which we will show next)

l@/ learning algorithm that you can write in terms of on@

ol y@f’l
e

K CN? Q;)



Recap: Application of Kernel Methods

In generalized linear models (which we have shown)

In support vector machines (which we will show next)

Any learning algorithm that you can write in terms of only <x, z>

Just replace <x, z> with K ou magically transform the algorithm
to work efficiently in tHe/implicit Righ dimensional feature space




Support Vector Machines

10



Confidence in Logistic Regression
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Confidence in Logistic Regression

11



: : . DX 20
Confidence in Logistic Regressi/cm

7
p(y) =




o rz0, 7°l 7
O o . -
9'r o, 7°I R B

é

SEm—— 7 la'r\ea/
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Confidence in Logistic Regression

N Yy
Separating hyperplane/ A VALAS P(y) — 1 oT
+e V4

decision boglndary %
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New Notations Y= 5

Consider a binary classification problem, with the input feature x and

y € {@m/@} (instead of {{),1}), the classifier is: // - j
- - / O ~
W‘(

hwp(z) =@(w” z 4 b)

13



Geometric Margin

What is the geometric margin?

14






Geometric Margin
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Geometric Margin
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Geometric Margin 3
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Geometric Margin

T, .(7 T
i) _ W 1’7()“’_(L> NOP
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Geometric Margin

Generally
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Geometric Margin

Given a training set S = {(x¥, y");i = 1,...,n)




Functional Margin

Given a training example (x¥, y()

g -

17




Functional Margin

Given a training example (x¥, y()

/\
50 — 0 (yT5® 4 p). Vo - y
[l

Given a training set § = {(x(i),y(i));i =1,....,n}

A = min '?(i)

1=1,...,n

17



p =2 3/Functional Margin

Y
Y wWixFy = -
Given a training example (x, yV)
A “(w' ' +b).
¥ =y ( ) 9
Y2 2 W
Given a training set S = {(x¥, y");i = 1,...,n) b/7 )
A\
[0 | v
E— min g0 T

Functional margin changes when rescaling parameters, making it a
ad objective, e.g. when w->2w, b->2b, the functional margin

Qanges while the separating plane does not really change

—~ -
— 17




The Optimization Problem

% y
maxiy | min 7

29 m@"@’/’\ =

18



The Optimization Problem




The Optimization Problem

max,,,  1min y(i)

i=1,...,n D) —7 A%
h—7 2}
A ~\
@ v —>2Y
IMaXs b i

s.t. y@D(wlz® +b) >7, i=1,.

Infinite solutions, as@gn be at any at any scale without

hanging the cIaSS|ﬁer

18






The Optimization Problem

Infinite solutions, as ¥ can be at any scale without
changing the classifier

| |lw| | is not easy to deal with, non-convex objective —>
18




The Optimization Problem

19



The Optimization Problem

s.t. yQ(wlz® +b) >4, i=1,...,n

/ \ \

N

consrai t

19




The Optimization Problem

' wTa:(i)—I-b)Zi, i=1,....,n

@ Add constrainty = 1

ﬁ> s ) S g

wx(i)_|_b)21, 1=1,...,n W\Q‘W /ZWHI/

- >

—

19



( L
Wn Prom Sl

5 1 YT ruS Ky
IMaXs . b
[|wl| 71
S.t. y(i)(wTa:(i) +b) >4, 1=1,/..,n //‘w 2Ny
X
A
. X @ Add constraint y = 1
% Dy — j
v \ | UC) T v "
U0 S Y"ow X+ 20
. | - % -
’ @ o ‘
V ()T (i) - g ~
o )y (w'z +b)>1, 1=1,...,
y W th) <O ﬂA

Assumption ! the training dataset is linearly separable ;
|
l
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Lagrange Duality — Lagrange Multiplier
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Lagrange Duality — Lagrange Multiplier

min,, f(w)

20



Lagrange Duality — Lagrange Multiplier
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Lagrange Duality — I@Mulﬁplier

t

20



Lagrange Multiplier: Example




Generalized Lagrangian

22



Generalized Lagrangian

Primal optimization problem

22



Generalized Lagrangian

Primal optimization problem

22



Generalized Lagrangian

z
L(w,a, ) = +20¢9 +Zﬁz’hz‘(w)

IN /\/) L CU\/J Ig)
/L/, h

//_

- f
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Generalized Lagrangian

L(w,a,B) = f(w) + Z a;g;(w) + Z Bihi(w)

23




Generalized Lagrangian

[
‘C(w Q, 6 + Z azgz + Z 6@hz(w)

@/ >N
{ Asi@lmal constraints S

otherw1se T

7

—
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Generalized Lagrangian

Consider this optimization problem

/

m;(w) = min max L(w,ca,pf)
W w o,B:0;>0

24



Generalized Lagrangian o

Consider this optimization problem

24



Generalized Lagrangian

Consider this optimization problem

min fp(w) = min max L(w,a,f)
W w o,B:0;>0

It has exactly the same solution as ou\original problem

p* = min,, Op(w)

@Ll?:o)ﬁ/ﬂ v .

24 -

JYLAK W L&W}@Z,/g/




The Dual Problem in Optimization

In optimization, sometimes the primal optimization is hard to
solve, then we may find a related alternative optimization

problem that can be solved more easily, to solve the orignal

problem in an indirect way

25



The Dual Problem

\

HD(aa /6) — IIEILC(U), a, IBB

o

[
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The Dual Problem

Op(a, B) = mmﬁ(w a, )

The dual optimization problem

a,g}gfcz()e pl@,f) = agngxwmu}nﬁ(w @, B)

26



The Dual Problem

bo(a, B) = min L(w,0,8) Y V)

The dual optimization

The primal optimization problem

minfp(w) =min max L(w,a;f)

< ——

26



KKT Conditions
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KKT Conditions

Denote the solution to the primal problem as w*, the solution to

the dual problem as a™, f*, then zero duality gap is sufficient
and necessary (i.e. equivalent) to satisfy KKT Conditions:
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KKT Conditions

Denote the solution to the primal problem as w*, the solution to

the dual problem as a™, f*, then zero duality gap is sufficient
and necessary (i.e. equivalent) to satisfy KKT Conditions:

[
L(w, o, B) = f(w) + Z cigi(w) + Y _ Bihi(w)
1=1

27



KKT Conditions

Denote the solution to the primal problem as w*, the solution to

the dual problem as a™, f*, then zero duality gap is sufficient
and necessary (i.e. equivalent) to satisfy KKT Conditions:

[
L(w C\l,ﬁ +Zazgz +Z/6'Lhz(w)
1=1
8£(w*a*ﬁ*) = 0, 1=1 d
8?1)7; ) y o y S Ty y
aﬁ(w*,a*,ﬁ* = 0, 1=1,...,1

L

[

=

S
*\_/J N

|

AVARR VA

27



KKT Conditions

Denote the solution to the primal problem as w*, the solution to

the dual problem as a™, f*, then zero duality gap is sufficient
and necessary (i.e. equivalent) to satisfy KKT Conditions:

[
L(w a, /6 _I' Z azgz + Z /Bzhz(w)

Normal Lagrange
multiplier equations

) 0, 7
a gi(w') = 0, 1=1,...,k
gi(w*) < 0, i=1,...,k
of > 0, 1=1,...,k

27



KKT Conditions

Denote the solution to the primal problem as w*, the solution to

the dual problem as a™, f*, then zero duality gap is sufficient
and necessary (i.e. equivalent) to satisfy KKT Conditions:

[
L(w a, /6 —I_ Z azgz _I' Z Bzhz(w)

Normal Lagrange
multiplier equations

The original constraints




KKT Conditions

Denote the solution to the primal problem as w*, the solution to

the dual problem as a™, f*, then zero duality gap is sufficient
and necessary (i.e. equivalent) to satisfy KKT Conditions:

,C(’LU a, 6 + Z azgz + Z Bzhz(w)
1=1




KKT Conditions

Denote the solution to the primal problem as w*, the solution to

the dual problem as a™, f*, then zero duality gap is sufficient
and necessary (i.e. equivalent) to satisfy KKT Conditions:

L(w,a, ) = f(w) + Zazgz + Zﬁihi(w)
1=1
0
8wz£(w* Oé*, *) — O, ZZl,,d
) 0
If a > 0, then ) 0 L
g:(w*) = 0, the inequality g(w*) < 0, 1=1,...,k
is actually equality af > 0, i=1,....k



Supporting Vectors
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Supporting Vectors

a gi(w*) = 0, 1=1,...,k
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Supporting Vectors

a gi(w*) = 0, 1=1,...,k
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Supporting Vectors

a g (w*) = 0, i=1,...,k

Only the 3 points have non-zero «;, and
they are called supporting vectors

29



Lagrangian for SVM
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Lagrangian for SVM

L(w,b,a) = —Hsz Za ()w:c()—l—b)—l]
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Lagrangian for SVM

1 - | |
L(w,b,0) = olw]? = 3 s [y @ s® +5) - 1
1=1

The dual optimization problem

a’g:lgiizo (91)(61’7 B) = a,g;lgchO Hlu%n ,C(w, Q, ﬂ)
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Lagrangian for SVM

1 - | |
L(w,b,0) = olw]? = 3 s [y @ s® +5) - 1
1=1

The dual optimization problem

a,g:lgf(zo (91)(61’7 B) = a,g;l2§(20 mu%n ,C(w, Q, ﬂ)

Vwﬁ(w, b, Of) — W — Z azy(’&)a;(’&) — 0
1=1

30



Lagrangian for SVM

1 " | |
L(w,b,a) = _|lwl* = Y e [y? (w2 +b) - 1]
1=1

The dual optimization problem

a,g:lgf(zo (91)(61’7 B) = a,g;l2§(20 mu%n ,C(w, Q, ﬂ)

n
VoL(w,b,a) =w— Y ay@Pz® =0 w = Z a1y D @
1=l i=1

30



Lagrangian for SVM

L(w, b, ) —le\2 Zaz v (w

The dual optimization problem
Imnax H’D(avﬁ)

aaIB o >0

max min L(w, a, 5)

a,B:0;>0 w

e N N (i 0

30

Tz +b) — 1]

(w, b, a) =



Lagrangian for SVM

1 - | |
L(w,b,0) = olw]? = 3 s [y @ s® +5) - 1
1=1

The dual optimization problem

a’g:lgzizo (92)((17 B) = a,g;lgchO mu%n ,C(w, Q, ﬁ)




The Dual Problem of SVM

31



The Dual Problem of SVM

max., Z o — = Z Dy D (2@ z0))

'L]].
s.t. a; >0, z—l

zn: azy(Z) — 07
1=1

31



The Dual Problem of SVM

max., Z o — = Z Dy D (2@ z0))

zyl
S.t. ozz>0 z—l

Z azy(z) —

Kernel is all we need!
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The Dual Problem of SVM

max, Zaz — - Z Dy D (2, 20))

zy =1
S.t. az>0 2—1,...

Z azy(Z) — 07
1=1

Kernel is all we need!

After solving a (with standard quadratic optimization algorithms)

31



The Dual Problem of SVM

max, Zaz — - Z Dy D (2, 20))

7,31
S.t. az>0 z—l

Z azy(z) —

Kernel is all we need!

After solving a (with standard quadratic optimization algorithms)

w=3"ay?z
1=1

31



The Dual Problem of SVM

max, Zaz — - Z Dy Dy (2, 20))

231

Z O‘zy(z) —

S.t. az >0, 1=1,. .
Kernel is all we need!

After solving a (with standard quadratic optimization algorithms)

w=3"ay?z
1=1

From KKT Conditions
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The Dual Problem of SVM

max, Zaz — - Z Dy Dy (2, 20))

231
S.t. az>0 z—l

Z azy(z) —

Kernel is all we need!

After solving a (with standard quadratic optimization algorithms)

- . “T () 4 min,. o _, w*Tz®
. . § max;.,()—_q1 W T/ + M., )—q W T
W = E a;y b” = S > =

From KKT Conditions

31



The Dual Problem of SVM

max., ZO‘Z - Z Dy D (2@ z0))

231
S.t. az>0 z—l

Z O‘zy(z) —

Kernel is all we need!

After solving a (with standard quadratic optimization algorithms)

& . “T () 4 min,. o _, w*Tz®
. . § max;.,()—_q1 W T/ + M., )—q W T
W = E iy Mz b” = S > S

From KKT Conditions From the original constraints
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Inference
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Inference

wlz +b

- T
(Z az-y(i)a:(i)) x4+ b
i=1

Z oy (29 x) + b.
i=1
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Inference

wlz +b

- T
(Z az-y(i)x(i)) x+b
i=1

Z oy (29 x) + b.
i=1

We never need to really compute w
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Inference

wlz +b

- T
(Z az-y(i)x(i)) x+b
i=1

Z oy (29 x) + b.
i=1

We never need to really compute w

a gi(w') = 0, 1=1,...,k

32



Inference

wlz +b

. T
(Z az-y(i):c(i)) T+ b
i=1

Z oy (29 x) + b.
i=1

We never need to really compute w

a;gi(w*) = 0, i=1,...,k

Most a; are 0, only the supporting examples will
influence the final prediction

32



Inference

T

whz +b Z oy Dz® | x4+ b
i=1

Z oy (29 x) + b.
i=1

We never need to really compute w

a;gi(w*) = 0, i=1,...,k

Most a; are 0, only the supporting examples will
influence the final prediction

32



Review of the High-Level Logic
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Review of the High-Level Logic

hwo(z) = g(w' z + b)

33



Maximize

geometric
margin

T
i) (L) 20
[Jwl]

Review of the High-Level Logic

hwo(z) = g(w' z + b)
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Maximize

geometric
margin

T
i) (L) 20
[Jwl]

Review of the High-Level Logic

hwo(z) = g(w' z + b)

Problem
rewriting
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Maximize

geometric
margin

T
i) (L) 20
[Jwl]

Review of the High-Level Logic

hwo(z) = g(w' z + b)

Problem

rewriting Quadratlc
—> | Optimization
Problem
ming, —|[w||?
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. Review of the High-Level Logic

e, hwp(z) = g(w” z +b)
. Probl .
Maximize rg\?vri;r:g Quadratic
geometric —> | Optimization

Problem

margin

1
() = 00 (L)Txm, 0 min,, 5”“’”2
[Jwl] [Jw]

s.t. yP(wlzW +b0)>1, i=1,...,n

Not suitable for non-linear
cases (high-dim feature map)
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. Review of the High-Level Logic

: hwo(z) = g(w' z + b)

Finding a related
optimization problem
that is easier
_%

Problem :
rewriting Quadratlc

geometric —> | Optimization
margin Problem

1
() = 00 (L)Txm, 0 min,, 5”“’”2
[Jwl] [Jw]

s.t. yP(wlzW +b0)>1, i=1,...,n

Maximize

Not suitable for non-linear
cases (high-dim feature map)
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Maximize

geometric
margin

. . w T .
[Jwl] |

Review of the High-Level Logic
hwo(z) = g(w' z + b)

Finding a related

Problem optimization problem

rewriting Quadratic that is easier Dual
— > | Optimization | ——— | optimization
Problem oroblem
" NER o
min,, p %Hw”z max, W(a)= ;ai —5 Z; y Dy aa,(a, 2
S.t. y(")(wa(z) + b) >1, i=1,....n S.t. Oé?i >0, 1=1,..., n
Z%y(') =0
Not suitable for non-linear i=1

cases (high-dim feature map)
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. Review of the High-Level Logic

L hwo(z) = g(w' z + b)

Finding a related

. Problem : optimization problem
Maximize rewriting Quadratic [, .. ... Dual
geometric —> | Optimization | ——— | optimization
margin Problem problem
1 max,  — = Oy g, (zD, 2
(@) — @ [ [ Y Tx(v:). b min,, |w||* Wie) z; Zy >
L AN "l 2
s.t. y(’)(wT:c(z) +b)>1, i=1,...,n .t O‘n>0 v=1,..., n
Zaiy(i):(),
Not suitable for non-linear i=1

cases (high-dim feature map) Kernel makes it very flexible in

non-linear cases!

33



The Non-Separable Case

Linearly Separable Linearly Non-Separable
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The Non-Separable Case

Primal opt problem:
1. -
Sl +C 306

s.t. yD(wlz® +b6)>1-¢, i=1,...,n
>0, 1=1,...,n.

Dual opt problem

max. Zaz _ 2 Z Oy D (2@ 7))

zyl
S.t. O<aZ<C' 1=1,...,n

Z iy =

35



Thank You!
Q& A
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