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p(x) = ∑
y

p(x, y) = ∑
y

p(x |y)p(y)

If	our	goal	is	to	predict	 ,	the	distribuDon	is	oPen	wriRen	as:y

p(y |x) ∝ p(x |y)p(y)
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Binary	classificaDon:	 	is	discretey ∈ {0,1}, x

Consider	an	email	spam	detecDon	task,	to	predict	whether	the	email	is	
spam	or	not

How	to	represent	the	text?

if	an	email	contains	the	j-th	word	of	the	dicDonary,	then	we	will	set	 ;	otherwise,	we	let	xj = 1 xj = 0

Dimension	is	the	size	of	the	dicDonary

vocabulary
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Suppose	the	dicDonary	has	50000	words,	
how	many	possible	x?
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Suppose	the	dicDonary	has	50000	words,	
how	many	possible	x?

Naive	Bayes	assumpDon:	 ’s	are	condiDonally	independent	given	xi y

For	any	i	and	j,	p(xi |y) = p(xi |y, xj)8
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Parameters

ϕj|y=1 = p(xj = 1 |y = 1), ϕj|y=1 = p(xj = 1 |y = 0), ϕy = p(y = 1)

Autoregressive
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Parameters

ϕj|y=1 = p(xj = 1 |y = 1), ϕj|y=1 = p(xj = 1 |y = 0), ϕy = p(y = 1)
50000	x	2	+	1	parameters	(dict	size	is	50000)

Autoregressive
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Count	the	occurrence	of	 	in	spam/
non-spam	emails	and	normalize
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What	if	we	never	see	the	word	“learning”	in	training	data	but	“learning”	
exists	in	the	test	data?

Suppose	the	index	in	the	dicDonary	for	
“learning”	is	q	

	p(xq = 1 |y = 1) = 0
p(xq = 1 |y = 0) = 0
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What	if	we	never	see	the	word	“learning”	in	training	data	but	“learning”	
exists	in	the	test	data?

Suppose	the	index	in	the	dicDonary	for	
“learning”	is	q	

	p(xq = 1 |y = 1) = 0
p(xq = 1 |y = 0) = 0

= 0
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Take	the	problem	of	esDmaDng	the	mean	of	a	mulDnomial	random	
variable	 	taking	values	in	{1,	…,	k}.	Given	the	independent	
observaDons	

z
{z(1), ⋯, z(n)}
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Take	the	problem	of	esDmaDng	the	mean	of	a	mulDnomial	random	
variable	 	taking	values	in	{1,	…,	k}.	Given	the	independent	
observaDons	

z
{z(1), ⋯, z(n)}

Why	adding	k	to	the	
denominator?
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Take	the	problem	of	esDmaDng	the	mean	of	a	mulDnomial	random	
variable	 	taking	values	in	{1,	…,	k}.	Given	the	independent	
observaDons	

z
{z(1), ⋯, z(n)}

In	the	email	spam	classificaDon	case:

Why	adding	k	to	the	
denominator?-

-
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Parameter	EsDmaDon:	MLE	and	MAP
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In	pracDce:	

<latexit sha1_base64="Wfk0SG/uFZzNwSwhPn3dxPFnimw="></latexit>

argmax
✓

Ex⇠pdata(x) log pmodel(x; ✓)

<latexit sha1_base64="suz516q5hqwvMNzScAEUso4spIg="></latexit>

argmax
✓

1

n

nX

i

log pmodel(x
(i); ✓)

dataset distribution
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Suppose	 	is	the	real	data	distribuDon,	 	is	our	model	
parameterized	by	

pdata(x) pmodel(x; ϕ)
ϕ
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Suppose	 	is	the	real	data	distribuDon,	 	is	our	model	
parameterized	by	

pdata(x) pmodel(x; ϕ)
ϕ

	are	i.i.d.	(independent	and	
idenDcally	distributed)	samples	from	
x(i)

pdata(x)

In	pracDce:	
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<latexit sha1_base64="suz516q5hqwvMNzScAEUso4spIg="></latexit>

argmax
✓

1

n

nX

i

log pmodel(x
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Suppose	 	is	the	real	data	distribuDon,	 	is	our	model	
parameterized	by	

pdata(x) pmodel(x; ϕ)
ϕ

	are	i.i.d.	(independent	and	
idenDcally	distributed)	samples	from	
x(i)

pdata(x)

In	pracDce:	

Why	can	we	make	this	approximaDon?

Monte	Carlo	EsDmaDon	of	ExpectaDon

<latexit sha1_base64="Wfk0SG/uFZzNwSwhPn3dxPFnimw="></latexit>

argmax
✓

Ex⇠pdata(x) log pmodel(x; ✓)

<latexit sha1_base64="suz516q5hqwvMNzScAEUso4spIg="></latexit>

argmax
✓

1

n

nX

i

log pmodel(x
(i); ✓)
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<latexit sha1_base64="Sad4rvsutzhV11UF+XeFW1QzEU8="></latexit>

E
⇥ 1
n

nX

i=1

f(x(i))
⇤
= Ex⇠p(x)f(x)

<latexit sha1_base64="zg2aGktKanFHPEXxpv9vZiSffPA="></latexit>

V ar
⇥ 1
n

nX

i=1

f(x(i))
⇤
=

V ar(f(x))

n
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<latexit sha1_base64="f7E89XB0or38HIZ0n/rQXTtv/gg="></latexit>

Ex⇠p(x)f(x)
<latexit sha1_base64="RcACIaugMsWena8WMx+JZABOuSk="></latexit>

1

n

nX

i=1

f(x(i)), x(i) ⇠ p(x)
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<latexit sha1_base64="f7E89XB0or38HIZ0n/rQXTtv/gg="></latexit>

Ex⇠p(x)f(x)
<latexit sha1_base64="RcACIaugMsWena8WMx+JZABOuSk="></latexit>

1

n

nX

i=1

f(x(i)), x(i) ⇠ p(x)

In	pracDce,	n	is	oPen	small,	like	1	sample

<latexit sha1_base64="Sad4rvsutzhV11UF+XeFW1QzEU8="></latexit>

E
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n

nX
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⇤
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Some	distribuDons	are	easy	to	sample	from	but	hard	to	compute	the	
probability	value	(hard	to	evaluate)	
Monte	Carlo	esDmaDon	requires	this	kind	of	distribuDon

P(X)
--
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Some	distribuDons	are	easy	to	sample	from	but	hard	to	compute	the	
probability	value	(hard	to	evaluate)	
Monte	Carlo	esDmaDon	requires	this	kind	of	distribuDon

Some	distribuDons	are	easy	to	compute	the	probability	value	(easy	to	
evaluate)	but	hard	to	sample	from	
How	to	sample	from	a	distribuDon	efficiently	is	a	separate	topic

O
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<latexit sha1_base64="Wfk0SG/uFZzNwSwhPn3dxPFnimw="></latexit>

argmax
✓

Ex⇠pdata(x) log pmodel(x; ✓)
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What	is	the	opDmal	 	?pmodel

<latexit sha1_base64="Wfk0SG/uFZzNwSwhPn3dxPFnimw="></latexit>

argmax
✓

Ex⇠pdata(x) log pmodel(x; ✓)-
Paale-> Polata (X)&-
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What	is	the	opDmal	 	?pmodel

<latexit sha1_base64="u03LAPSwjM8v8XGWUTuMKHTiJmU="></latexit>

argmin
✓

DKL(pdata(x)||pmodel(x; ✓))

MLE	is	equivalent	to

<latexit sha1_base64="Wfk0SG/uFZzNwSwhPn3dxPFnimw="></latexit>

argmax
✓

Ex⇠pdata(x) log pmodel(x; ✓)T
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What	is	the	opDmal	 	?pmodel

<latexit sha1_base64="u03LAPSwjM8v8XGWUTuMKHTiJmU="></latexit>

argmin
✓

DKL(pdata(x)||pmodel(x; ✓))

MLE	is	equivalent	to

	is	a	distance	metric	between	two	distribuDons,	it	is	0	when	the	two	
distribuDons	are	idenDcal
DKL ∝ 0

<latexit sha1_base64="Wfk0SG/uFZzNwSwhPn3dxPFnimw="></latexit>

argmax
✓

Ex⇠pdata(x) log pmodel(x; ✓)

& L divergence
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What	is	the	opDmal	 	?pmodel

<latexit sha1_base64="u03LAPSwjM8v8XGWUTuMKHTiJmU="></latexit>

argmin
✓

DKL(pdata(x)||pmodel(x; ✓))

MLE	is	equivalent	to

	is	a	distance	metric	between	two	distribuDons,	it	is	0	when	the	two	
distribuDons	are	idenDcal
DKL ∝ 0

<latexit sha1_base64="pC0UeOYWsSwzIU6CIkxA4UENhlo="></latexit>

DKL(p(x)||q(x)) = Ep(x) log
p(x)

q(x)

<latexit sha1_base64="Wfk0SG/uFZzNwSwhPn3dxPFnimw="></latexit>

argmax
✓

Ex⇠pdata(x) log pmodel(x; ✓)
⑰⑰
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What	is	the	opDmal	 	?pmodel

<latexit sha1_base64="u03LAPSwjM8v8XGWUTuMKHTiJmU="></latexit>

argmin
✓

DKL(pdata(x)||pmodel(x; ✓))

MLE	is	equivalent	to

	is	a	distance	metric	between	two	distribuDons,	it	is	0	when	the	two	
distribuDons	are	idenDcal
DKL ∝ 0

<latexit sha1_base64="pC0UeOYWsSwzIU6CIkxA4UENhlo="></latexit>

DKL(p(x)||q(x)) = Ep(x) log
p(x)

q(x)

When	data	is	all	the	data	from	the	world,	then	MLE	is	learning	a	
distribuDon	for	the	world

<latexit sha1_base64="Wfk0SG/uFZzNwSwhPn3dxPFnimw="></latexit>

argmax
✓

Ex⇠pdata(x) log pmodel(x; ✓)
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Suppose	we	want	to	esDmate	a	true	quanDty	 ,	and	our	esDmaDon	is	 ,	
then	we	define	the	bias	of	the	esDmaDon	as:

ϕ* ∝ϕ
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Suppose	we	want	to	esDmate	a	true	quanDty	 ,	and	our	esDmaDon	is	 ,	
then	we	define	the	bias	of	the	esDmaDon	as:

ϕ* ∝ϕ

bias = ∈( ∝ϕ) ⋯ ϕ*

When	does	the	esDmaDon	converges	to	the	true	value	when	
we	have	infinite	data	samples?

bias ≥ 0, Var( ∝ϕ) ≥ 0

-

A&D-



Learn	Parameters	from	Data	with	MLE
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Approximate	the	mean	and	variance	of	the	data

-



MLE	for	Gaussian	Mean	and	Variance
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Are	the	esDmaDons	biased?
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Are	the	esDmaDons	biased?

Unbiased	esDmator:	 ∝θ2 = 1
n ⋯ 1

n

∑
i=1

(xi ⋯ ∝σ)2

ELE]
unbiased
- X=-

biased
E -Ent
-

-
-

O
-

not mLE
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Bring	prior	knowledge	to	the	parameter,	define	the	prior	 .	The	posterior	
distribuDon	is	 .	 	is	the	training	dataset
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Bring	prior	knowledge	to	the	parameter,	define	the	prior	 .	The	posterior	
distribuDon	is	 .	 	is	the	training	dataset

P(ϕ)
P(ϕ |D) D

Bayesian	staDsDcs:	there	is	no	“parameters”	in	the	world,	all	are	posterior	
distribuDons	to	esDmate
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Inject	prior	human	knowledge	to	regularize	the	esDmate	
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Inject	prior	human	knowledge	to	regularize	the	esDmate	
Could	learn	beRer	if	data	is	limited	

Posterior	easy	to	compute	
Conjugate	prior ↳

Prom- exponentia
-

-



Conjugate	Prior

22



Conjugate	Prior

22

-

&⑳u-
Gaussassin

Cassand



Conjugate	Prior

22

P(theta) P(D|theta) P(theta|D)

Gaussian Gaussian Gaussian

Beta Bernoulli Beta

Dirichlet Multinomial Dirichlet

~topic model-
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When	are	they	the	same?	
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